The Annals of Probability 
2013, Vol. 41, No. 1, 385-443 
DOI: 10.1214/11-AOP702 

@ Institute of Mathematical Statistics, 2013 
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Consider a locally finite Dawson- Watanabe superprocess ^ ~ {^t) 
in R'' with d > 2. Our main results include some recursive formulas for 
the moment measures of ^, with connections to the uniform Brown- 
ian tree, a Brownian snake representation of Palm measures, continu- 
ity properties of conditional moment densities, leading by duality to 
strongly continuous versions of the multivariate Palm distributions, 
and a local approximation of by a stationary cluster fj with nice 
continuity and scaling properties. This all leads up to an asymptotic 
description of the conditional distribution of for a fixed t > 0, given 
that 5t charges the e- neighbor hoods of some points xi, . . . ,Xn GR'^.ln 
the limit as e — ^ 0, the restrictions to those sets are conditionally in- 
dependent and given by the pseudo-random measures ^ ot rj, whereas 
the contribution to the exterior is given by the Palm distribution of 
at xi, . . . ,Xn- Our proofs are based on the Cox cluster representa- 
tions of the historical process and involve some delicate estimates of 
moment densities. 

1. Introduction. This paper may be regarded as a continuation of [19], 
where we considered some local properties of a Dawson-Watanabe super- 
process (henceforth referred to as a DW-process) at a fixed time t>0. Recall 
that a DW-process ^ = (^t) is a vaguely continuous, measure- valued diffu- 
sion process in R'^ with Laplace functionals E^e~^^f = e~^*'* for suitable 
functions / > 0, where v = (vt) is the unique solution to the evolution equa- 
tion i) = ^Af — v"^ with initial condition vq = f. (This amounts to choosing 
the branching rate 7 = 2. For general 7, we may reduce to this case by a 
suitable scaling.) We assume the initial measure to be such that is a.s. 
locally finite for every t > 0. (The precise criteria from [19] are quoted in 
Lemma 4.1.) 
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Our motivating result is Theorem 9.1, which describes asymptoticahy the 
conditional distribution of for a fixed t > 0, given that S^t charges the 
e-neighborhoods of some points xi,...,Xn G R'^, where the approximation 
is in terms of total variation. In the limit, the restrictions to those sets 
are conditionally independent and given by some universal pseudo-random 
measures ^ or t), whereas the contribution to the exterior region is given by 
the multivariate Palm distribution of at xi, . . . ,Xn- 

The present work may be regarded as part of a general research program 
outlined in [18], where we consider some random objects with similar local 
hitting and conditioning properties arising in different contexts. Examples 
identified so far include the simple point processes [10, 12, 15, 20, 30], local 
times of regenerative and related random sets [13, 14, 16], measure- valued 
diffusion processes [19], and intersection or self-intersection measures on ran- 
dom paths [24]. We are especially interested in cases where the local hitting 
probabilities are proportional to the appropriate moment densities, and the 
simple or multivariate Palm distributions can be approximated by elemen- 
tary conditional distributions. 

Our proofs, here as in [19], are based on the representation of each as a 
countable sum of conditionally independent clusters of age h£ {0,t], where 
the generating ancestors at time s = t — h form a Cox process Cs directed 
by h~^(,s (cf. [4, 26]). Typically we let /i — )■ at a suitable rate depending 
on e. In particular, the multivariate, conditional Slivnyak formula from [22] 
yields an explicit representation of the Palm distributions of in terms of 
the Palm distributions for the individual clusters. Our arguments also rely 
on a detailed study of moment measures and Palm distributions, as well as 
on various approximation and scaling properties associated with the pseudo- 
processes ^ and fj — all topics of independent interest covered by Sections 4-8. 
Here our analysis often goes far beyond what is needed in Section 9. 

Moment measures of DW-processes play a crucial role in this paper, along 
with suitable versions of their densities. Thus, they appear in our asymptotic 
formulas for multivariate hitting probabilities, which extend the univariate 
results of Dawson et al. [3] and Le Gall [27]; cf. Lemma 7.2. They further 
form a convenient tool for the construction and analysis of multivariate 
Palm distributions, via the duality theory developed in [13]. Finally, they 
enter into a variety of technical estimates throughout the paper. In Theo- 
rem 4.2 we give a basic cluster decomposition of moment measures, along 
with a forward recursion (implicit in Dynkin [5]), a backward recursion and 
a Markov property. In Theorem 4.4 we explore the fundamental connection, 
first noted by Etheridge [7] , between moment measures and certain uniform 
Brownian trees, and we provide several recursive constructions of the latter. 
The mentioned results enable us in Section 5 to establish some useful local 
estimates and continuity properties for ordinary and conditional moment 
densities. 
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Palm measures form another recurrent theme throughout the paper. Af- 
ter providing some general results on this topic in Section 3, we prove in 
Theorem 4.8 that the Palm distributions of a single DW-cluster can be 
obtained by ordinary conditioning from a suitably extended version of Le 
Gall's Brownian snake [26]. In Theorem 6.3 we use the cluster representation 
along with duality theory to establish some strong continuity properties of 
the multivariate Palm distributions. 

Local approximations of DW-processes of dimension d > 3 were studied 
already in [19], where we introduced a universal, stationary and scaling 
invariant (self-similar) pseudo-random measure ^, providing a local approx- 
imation of S^t for every t>0, regardless of the initial measure (The prefix 
"pseudo" signifies that the underlying probability measure is not normalized 
and may be unbounded.) Though no such object exists for d = 2, we show in 
Section 8 that the stationary cluster fj has similar approximation properties 
for all d > 2 and satisfies some asymptotic scaling relations, which makes it 
a good substitute for 

A technical complication when dealing with cluster representations is the 
possibility of multiple hits. More specifically, a single cluster may hit (charge) 
several of the e-neighborhoods of xi, . . . ,Xn, or one of those neighborhoods 
may be hit by several clusters. To minimize the effect of such multiplicities, 
we need the cluster age h to be sufficiently small. (On the other hand, it 
needs to be large enough for the mentioned hitting estimates to apply to 
the individual clusters.) Probability estimates for multiple hits are derived 
in Section 7. Here we also estimate the effects of decoupling, where com- 
ponents of involving possibly overlapping sets of clusters are replaced by 
conditionally independent measures. 

Palm distributions of historical, spatial branching processes were ffi'st in- 
troduced in [11] under the name of backward trees, where they were used to 
derive criteria for persistence or extinction. The methods and ideas of [11] 
were extended to continuous time and more general processes in [8, 9, 29]. 
Further discussions of Palm distributions for superprocesses appear in [2, 4, 
7, 19, 37]. In particular, a probabilistic (pathwise) description of the uni- 
variate Palm distributions of a DW-process is given in [2, 4]. More gen- 
erally, there is a vast literature on conditioning in superprocesses (cf. [7], 
Sections 3.3-4). In particular, Salisbury and Verzani [33, 34] consider the 
conditional distribution of a DW-process in a bounded domain, given that 
the exit measure hits n given points on the boundary. However, their meth- 
ods and results are entirely different from ours. 

General surveys of superprocesses include the excellent monographs and 
lecture notes [2, 6, 7, 28, 32]. The literature on general random measures 
and the associated Palm kernels is vast; see [1, 12, 30] for some basic facts 
and further references. 
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For the sake of economy and readability, we are often taking slight liber- 
ties with the notation and associated terminology. Thus, for the DW-process 
we are often using the same symbol to denote the measure-valued diffu- 
sion process itself, the associated historical process and the entire random 
evolution, involving complete information about the cluster structure for 
arbitrary times s <t. Likewise, we use ij to denote the generic cluster of a 
DW-process, regarded as a measure-valued process in its own right, or the 
associated historical cluster, both determined (e.g.) by Le Gall's Brownian 
snake based on a single Brownian excursion. Here Ito's excursion law gener- 
ates an infinite (though cj-finite) pseudo-distribution for r], here normalized 
such that P{'rit 7^ 0} = t^^ for all t>0. (This differs from the normalization 
in [19], which affects some formulas in subsequent sections.) 

For the DW-process ^ and associated objects, we use to denote prob- 
abilities under the assumption of initial measure ^0 = ^- The associated 
distributions are denoted by C^{^) or £^(^f). For the canonical cluster ?y, 
we define instead 

Ptiiv e •} = ^tiii) = j fJ-idx)Cx{r]) = j fi{dx)CoiGxr]), 

where the shift operators 9x are defined by {6xlj)B = n{B — x) or {9xfi)f = 
^(/ ° Gx), and we are writing Cx instead of £5^. When we use the notation 
or it is implicitly understood that f-ipt < 00 for all t > 0. Let M-d 
denote the space of locally finite measures on R*^, endowed with the u-field 
generated by all evaluation maps vr^ : 1— fJ-B for arbitrary B £ B'^, the 
Borel (7-field in R'^. Write B'^ or Aid for the classes of bounded Borel sets in 
R'^ or bounded measures on R'^, respectively. For abstract measure spaces S, 
the meaning of or Ms is similar, except that we require the measures 
^ G A^s" to be uniformly a -finite, in the sense that fiB^ < 00 for some fixed 
measurable partition Bi,B2, ■ ■ ■ of S. 

We use double bars || • || to denote the supremum norm when applied to 
functions, the operator norm when applied to matrices, and total variation 
when applied to signed measures. In the latter case, we define = j 
where l^M denotes the restriction of /i to the set B. For any measure 
space J^s and measurable set B C S, we consider the hitting set Hb = 
{/i G Ais',IJ-B > 0}, equipped with the u-field generated by the restriction 
map /i I— )• le/i, and we often write || • ||b instead of || • \\hb fo^ convenience, 
referring to this as the total variation on B. Thus, in Section 8, we may 
write 

(1) \m) - m\\B = \\c{ibo - ^^bv)\\h,, 

even when the pseudo-distributions of and fj are unbounded. In Sections 7 
and 9 we use a similar notation for signed measures on finite product spaces 
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XiAist^ in which case (1) needs to be replaced by its counterpart for se- 
quences of random measures. 

For any space S, the components of x G 5" are denoted by Xj, and we write 
for the set of n-tuples x G S"" with distinct components Xj. For func- 
tions /, we distinguish between ordinary powers /" and tensor powers /®", 
whereas for measures the symbols /i®" and /x®"^ mean product measures. 
For point processes ( on S, C^") and C^-^^ denote the corresponding factorial 
measures, which for simple point processes, agree with the restrictions of 
and ("^ to 5"^"^ and S^'^\ respectively. Convolutions and convolution prod- 
ucts are written as * and For suitable functions / and g, f ^ g means 
f /g ^ 1, whereas f ^ g means f — g ^ 0, unless otherwise specified. The 
relation f <g means f <cg for some constant c > 0, f ^ g means f < g and 
g<f, and f <^g means f/g 0. 

Let Vj be the class of partitions of the set J, and write Vn when J = 
{1, . . . ,n}. Define the scaling and shift operators S*^ by S!^B = rB + x and 
put Sr = Sq. Thus, /xS^ is the measure obtained by magnifying fj, around 
X by a factor r~^. The open e-ball around x is denoted by B^. Indicator 
functions are written as !{•} or 1b, and 6s denotes the unit mass at s, so that 
5sB = lBis). We write R+ = [0,oo), Z+ = {0,1,...} and N = {1,2,...}. The 
symbols _LL and IL-y mean independence or conditional independence given 

7, and we use C{^) for the distribution of ^ and = for equality in distribution. 
We often write fJ.f = j f dfi and (/ • fi)B = fi[f;B] = f dfj,. Conditional 
probabilities and distributions are written as P[-\-] and -Cf-I-], Palm measures 
and distributions as P[-\\-] and >C[-||-], respectively. We sometimes use £0 to 
denote the Palm measure at 0. 

2. Gaussian, binomial and Poisson preliminaries. Here we collect some 
properties of Gaussian measures and binomial or Poisson processes needed 
in subsequent sections. We begin with a simple exercise in linear algebra. By 
the principal variances of a random vector, we mean the positive eigenvalues 
of the associated covariance matrix. 

Lemma 2.1. For any vr G Vn, consider some uncorrelated random vec- 
tors ^j, J G vr, in R'^ with uncorrelated entries of variance , and put 

= for j £ J € IT. Then the array (Ci) • • • ;Cn) has principal variances 
(7^1 J|, J £11, each with multiplicity d. 

Proof. By scaling we may take cr^ = 1, and since each has uncor- 
related components, we may further take d=l. Defining Jj by j € Jj € n, 
we get Cov(,^j,^j) = Sj.^jj. It remains to note that the m x m matrix with 
entries ajj = 1 has eigenvalues m, 0, . . . , 0. □ 

We proceed with a simple comparison of normal distributions. 
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Lemma 2.2. Write i^a for the centered normal distribution on R" with 
covariance matrix A. Then 



/||AII"\ 



Proof. Let A have eigenvalues Ai < • • • < A„, and let xi, . . . , be the 
associated coordinates of x G R". Then i^a has density 

k<n k<n 



fc<n 



. Ai • • • A„ ^ 

and the assertion follows since ||A|| = A„, and det(A) = Ai • • • A„. □ 

Now let pt denote the continuous density of the symmetric Gaussian dis- 
tribution on R'^ with variances t>0. 

Lemma 2.3. The normal densities pt on R*^ satisfy 

Psix) < (1 Vtd|x|-2)'^/V(2;), 0<s<t,xe R'^\{0}. 

Proof. For fixed t > and x y^O, the maximum of Ps{x) for s G (0,t] 
occurs when s = (|xp/(i) A t. This gives Ps{x) < pt{x) for |xp > td, and for 
|xp < td we have 

Ps{x) < {2^\x\^/dy'^'^e^'^'^ 

< (27r|x| V^i)-''/'e-l^l'/2* = {td\x\-y/'pt{x). □ 

For convenience, we also quote the elementary Lemma 3.1 from [19]. 

Lemma 2.4. For fixed d and T > 0, the normal densities pt on R'^ satisfy 
Pt{x + y)<pt+h{x), xG R^|y| </i<t<T. 

Given a measure ^ on R'^ and some measurable functions /i , . . . , /n > 
on R"^, we introduce the convolution 

(^i*(g)/fc)(^) = j Kdu)llfk{xk-u), x = (xi,...,x„)G(R'^r. 

k<n k<n 
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Lemma 2.5. Let ^ he a measure on R with fipt < oo for all t > 0. Then 
for any n € N, the function (^u *pf^){x) is finite and jointly continuous in 
(x,i) G R""^ X (0,oo). 

Proof. Letting t>0 and x S R"*^ with c~^ < t < c and |x| < c for some 
constant c > 0, we see from Lemma 2.4 that 

-n) < JJpc(2;fc - U) <P2c{u) <P2c/n{u), 
k<n k<n 

uniformly for u G R*^. Since lJ'P2c/n < oo, we get {n * pf^){x) < oo for any 
t > 0, and the asserted continuity follows by dominated convergence from 
the fact that pt{x) is jointly continuous in (x,t) G R'^ x (0,oo). □ 

Given a probability measure on some space S, let 0"i,...,c7„ be i.i.d. 
random elements in S with distribution Then the point process ^ = ^f^k 
on S (or any process with the same distribution) is called a binomial process 
based on ^u. We say that ^ is a uniform binomial process on an interval / if 
^ is the uniform distribution on /. 

We begin with a simple sampling property of binomial processes. 

Lemma 2.6. Let ri < • • • < r„ form a uniform binomial process on [0, 1], 
and consider an independent, uniformly distributed subset 93 C {!,..., n} 
of fixed cardinality \(p\ = k. Then the times Tr with r £ ip or r ^ (p form 
independent, uniform binomial processes on [0, 1] of orders k and n — k, 
respectively. 

Proof. We may assume that tp = {tti, . . . ,'/rfc}, where vri, . . . jVr^ form 
a uniform permutation of l,...,n independent of ri,...,T„. The random 
variables = r o vr^, r = 1, . . . , n, are then i.i.d. U{0, 1), and we have 

{rr;r G 93} = {(Ti, ... {r^; r ^ (^} = {cifc+i, . . . , dn}. □ 

This leads to a simple domination property for binomial processes: 

Lemma 2.7. For each n G Z_|_, let E,n be a uniform binomial process on 
[0, 1] with ||^„|| = n. Then for any point process rj < with fixed \\r]\\ = k <n, 
we have 

Proof. Let ti < ■■■ <Tn be the points of (,n- Writing = X^jgj^rj 
when J C {1, . . . , n}, we have i] = for some random subset 93 C {1, . . . , n} 
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with \ip\ = k a.s. Choosing -0 C {1, . . . , n} to be independent of and uni- 
formly distributed with {ipl = k, we get 

J 

where the last equality holds by Lemma 2.6. □ 

We also need a conditional independence property of binomial processes. 

Lemma 2.8. Let ai < ■ ■ ■ < an form a uniform binomial process on [0, t], 
and fix any k £ {1, . . . ,n}. Then: 

(i) 

^ ^ k-l/j. „\n-kj.-n 



P{ak eds} = k\^^j s^-'it - sT-H-'' ds, s e (0, t); 

(ii) given a^, the times ai, . . . , cr^-i and <Tfc_|_i, . . . , (J„ form independent, 
uniform binomial processes on [0,0"^] and [ak,t], respectively. 

Proof. Part (i) is elementary and classical. For part (ii) we note that, 
by Proposition 1.27 in [17], the times cJi, . . . , crfc_i form a uniform bino- 
mial process on [0, cjfc], conditionally on a^, ■ ■ ■ , CTn- By symmetry, the times 
CTfc+i, . . . , CT„, form a uniform binomial process on [c7fc,i], conditionally on 
cji , . . . , cjfc . The conditional independence holds since the conditional distri- 
butions depend only on at] cf. Proposition 6.6 in [15]. □ 

We proceed with a useful identity for homogeneous Poisson processes, 
stated in terms of the tetrahedral sets 

tA„ = {s G R" ;si < • • • < Sn < t}, t > 0,n G N. 

Lemma 2.9. Let ti < T2 < ■ ■ ■ form a Poisson process on R_|_ with con- 
stant rate c > 0. Then for any measurable function f >0 on R"^^ with n € N, 
we have 

(2) Ef{Ti,...,Tn+l)=c"E ■■■ f{si,...,Sn,Ti)dsi---dSn. 

J JtiA„ 

Proof. Since 
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the right-hand side of (2) defines the joint distribution of some random 
variables cri, . . . ,cr„+i. Noting that £(t„-|_i) has density 

9n+l{s) = j , S>0, 

n! 

we get for any measurable function / > on R+ 

/■oo „n+l i-oo 

Jo nl Jo 

= ^ET^fin) = d'E f ■■■ f fin) dsi--- dSn, 

which shows that cr„+i = Tn+i- We also see from (2) that cJi,...,cr„ form 
a uniform binomial process on [0,(T,i+i], conditionally on (7n+i- Since the 
corresponding property holds for ti, . . . ,Tn+i, for example by Proposition 
1.28 in [17], we obtain 



(C7l, . . . ,0-„+l) = (n,. . .,Tn+l), 



as required. □ 



Say that a measurable space S is additive if it is closed under an asso- 
ciative, commutative and measurable operation and contains a unique 
element with s -|- = s for all s G S. Define l{s) = s, and take = J s^((is) 
to be when ^ = 0. We need a simple estimate for Poisson processes on an 
additive space. Recall that a Borel space is a measurable space S, that is, 
Borel isomorphic to a Borel set B C [0, 1] , so that there exists a one-to-one, 
bimeasurable map / : 5 -H- 

Lemma 2.10. On an additive Borel space S, consider a Poisson process 
^ and a measurable function f >0, where both f and E^ are bounded. Then 

\Ef{^i)-Ea\<\\f\\mf. 

Proof. Writing p= we get 

E[fmm>^<\\f\\pm>^ 

= (l-(l+p)e-^)||/||<ip2||/||. 

Since ^ is a mixed binomial process on S based on E^ (cf. Proposition 1.28 
in [17]), we also have 

E[fmm = ^]=p{m\ = ^E[fm\m\ = i] 
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and so 

o<E^f-E[fmm\ = i] 

= {l-e-nECf<p\\Emf\\=p'\\fl 

Noting that 

Efm - Eu = E[fm iieii > i] + Ei/m m\ = i] - e^i, 

we get by combination 

\Efm - EU\ < {\p^\\f\\) V {p^\\f\\)=p^\\f\\. □ 

We conclude with an elementary inequality needed in Section 7. 
Lemma 2.11. For any n G N and ki, . . . ,kn £ Z+, we have 

2(11 ^^^-l) <T.ih-l)ll''r 

j<n + i<n J<™ 

Proof. Clearly 

{hk-l)+<h{k-l)+ + k{h-l)+, h,keZ+. 
Proceeding by induction, we obtain 

j<ra ^ i<n jf^i 

It remains to note that {k — 1)+ < k{k — l)/2 for k G Z+. □ 

3. Measure, kernel and Palm preliminaries. Here we collect some gen- 
eral propositions about measures, kernels and Palm distributions, needed 
in subsequent sections. The first few results are easy and probably known, 
though no references could be found. 

Lemma 3.1. For any measurable space S, the space Ms is complete in 
total variation. 

Proof. Let fJ-i,fJ-2, • • • £ Ms with \\fim — l^-nW — >• as m, n — >• 00. Assum- 
ing fj.n / 0, we may define u = 2~"/i„/||/i„|| and choose some measurable 
functions /i, /2, . . . G L^(i/) with /i„ = /„ • ly. Then iy\fm - fn\ = ||^m - l-hi\\ 
0, which means that (/„) is Cauchy in L^(z^). Since is complete (cf. [15], 
page 16), we have convergence fn^ f in L^, and so the measure 11 = f ■ u 
satisfies — = — — )• 0. □ 

For any measure /i on a topological space S, we define supp/i as the 
intersection of all closed sets F C S with i^iF'^ = 0. 
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Lemma 3.2. Fix a measure fi on a Polish space S. Then fi{supp fj,)'^ = 0, 
and s G supp fj, iff fiG > for every neighborhood G of s. 

Proof. Choose a countable base Bi,B2, ... of 5", and define I = {i £ 
N;iJ,Bi = 0}. Any open set G C 5 can be written as \J-^jBi for some J C N, 
and we note tliat /.tG = iff J C /. Hence, (supp f^Y = Uie/ Bi.li s ^ supp ^, 
then s £ Bi for some i £ I, and so fiG = for some neighborhood G of 
s. Conversely, the latter condition implies s G Bi for some i G I, and so 
s ^ supp//. □ 

We continue with a simple measurability property. 

Lemma 3.3. Let S and T be Borel spaces. For any fi € MsxT oind t G 
T"^, let denote the restriction of ^ to S x {ti, . . . ,t(i}'^. Then the mapping 
{fi,t) I— 7- fit is product-measurable. 



Proof. We may take T = R. Put I„j = 2 "(j - 1, j], n,j G Z, and define 

Unit)=[J{Inj;ti,...,td(^Inj}, nG N,tG R-^. 



j 

Then the restriction /u" of /i to S x Un{t) is product-measurable, and /i" t l^t 
by monotone convergence. □ 

Given two measurable spaces {S,S) and {T,T), a kernel from 5 to T is 
defined as a function ^ > on (S, T) such that /igi? = /u(s, i?) is measurable 
in s G S" for fixed B and a measure in S G T for fixed s. For any measure z/ 
on S and kernel from S to T, we define the composition v® fi and product 
ufjL as the measures on S" x T and T, respectively, given by 



Conversely, when T is Borel, any cr-finite measure M on S x T admits a 
disintegration M = v ® fx into a a-finite supporting measure on S" and a 
kernel ;U from 5 to T, where the latter is again cr-finite, in the sense that 
fj,sf{s, •) < oo for some measurable function / > on 5 x T. When M(- x T) 
is cj-finite we may take = M(- x T), in which case /x can be chosen to 
be a probability kernel, in the sense that = 1 for all s. In general, the 
measures fig are unique, s G S a.e. u, up to normalizations. 

Some basic properties of kernels and their compositions are given in [15]. 
Here we first consider the total variation ||z^(8)/x||, where /i is a signed kernel, 
defined as the difference between two a.e. bounded kernels. 
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Lemma 3.4. For any measurable space S and Borel space T, let i' £ Ais; 
and consider a signed kernel fi from S to T. Then ||/u|| is measurable and 

\\v = fW^iW . 

Proof. Assuming fj, = fi' — fi" for some bounded kernels fi' and fi" from 
S to T, we define jl = fj,' + fi" . Since T is Borel, Proposition 7.26 in [15] yields 
a measurable function f : S x T ^ [—1, 1] with iJ, = f ■ fi. Then \\fi\\ = ft\f\, 
which is measurable by Lemma 1.41 in [15]. Furthermore, 

= II/- = (i/^/i)|/| = z^(/i|/|) = i/||//||. □ 

We proceed with a simple projection property. 

Lemma 3.5. For any Borel spaces S, T and U , consider some a-finite 
measures v and u on S x U and S and some signed kernels fi and jl from 
S X U or S to T, such that v and v ® jj, have projections v and u ® jl onto 
S and S xT , respectively. Then \\jis\\ < sup^ ||^s,u|| o,.e. v. 

Proof. Since v is cr-finite and U is Borel, we have v = v ® p for some 
probability kernel p from S to U . Writing ttsxT for projection onto S x T, 
we obtain 

jl = {v® p)o TTgl^j. = {v® p® p)o -Kgl^rp = i)® pp, 

and so fi = pp a.e. P. Hence, for any measurable function / on T with |/| < 1, 
we get a.e. 

IA/l = IM/l = |p(/^/)l<p|^/l<p||/"ll, 

which implies 

llAsll < Ps||/^s|| < supu||/is,„|| a.e. i>. □ 

The following technical result plays a crucial role in Section 6. For any 
Gi,G2, ... C 5, put limsup„G„ = ClnUkynGk = {s£S;s£ G.„ i.o.}. 

Lemma 3.6. Let u be a kernel from R to a Polish space S with suppi^ = 
S, let p,pi,p2, ■ ■ ■ be bounded kernels from S x R to a Borel space U , where 
each pn is continuous in total variation on S x Gn for some open set Gn C R. 
Assume ^{Wp — Pn\\ > hn} = for some measurable functions /i„ : 5 x R — 
R_(_ with h„ — 7- uniformly on bounded sets. Then p = p' a.e. v, where p' is 
continuous in total variation on S x lim sup„ G„ . 

Proof. First let the kernels u, p, pi, p2, . . . and functions /ii,/i2,... be 
independent of the real parameter, hence kernels or functions on 5. Let 
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<S" C be the set where — ^n\\ < hn, so that u{S'Y = 0. For any t^t' G S' , 
we have 

hk - ^J't'\\ < ll/^t - + ll^r - MPII + IIm" - /^flli 

where ^'^ = fin- Fixing any s £ S, we may let t,t' ^ s and then n — t- oo to 
get ll/Uf — II — )• 0. Hence, Lemma 3.1 yields a bounded measm'e /i'^ on U 
with II//J — ^sll — )• 0. Note that /i'^ is well defined for every s G S and that 
fj,'g = fj-s when s £ S' . 

To prove the required continuity of /x', suppose that — )■ s in 5. Fixing 
any metrization d of S, we may choose ti,t2, ■ ■ ■ G S' with 

t^(sfc,tfc)+ii/i'., -;wtji <2"^ /cgn. 

In particular — )• s, and so 

as desired. The continuity of n' implies measur ability, which means that /u' 
is again a locally bounded kernel from S toU. Further note that ||^„ — /i'|| < 
hn on 5', which extends by continuity to ||/i„ — ^'|| < on S, where the 
functions h'^ are upper semi-continuous versions of satisfying the same 
convergence condition. 

We now allow v, /u and /ii, /i2i ... to depend on a parameter x gR. Con- 
structing fi' as before for each x, we get ||/i„ — /x'|| — t- uniformly on bounded 
sets in S X R. Since each /i„ is continuous in total variation on S x G„, the 
same continuity holds for /i' on the set S x lim sup„ G„ . □ 

A random measure on a measurable space S is defined as a kernel 
from the basic probability space ft into 5. The intensity is the measure 
on 5 given by {E^)f = E{^f). For any random element r] in a measurable 
space T, we define the associated Campbell measure M on S x T by Mf = 
E J ^{ds)f{s,r]). When T is Borel, and M is fj-finite, we may form the 
disintegration M = v ® jj,, where /i is a ir-finite kernel of Palm measures fig 
on T. If E^ = M{- X T) is c-finite, we may take ly = E^ and choose fi to 
be a probability kernel from S to T, in which case the jis are called Palm 
distributions of r/ with respect to ^. For convenience, we write 

fis = P[V G -Uh = Cm]s, fhfis, •) = E[fis,r^)ms. 

Alternatively, -P[-||C] may be regarded as a kernel from S to the basic prob- 
ability space with cj-field generated by rj. The multivariate Palm distribu- 
tions are defined as the kernels £[ry||^®"] from 5" to T, for arbitrary n G N. 

The following conditioning approach to Palm distributions (cf. [18, 21]) is 
often useful. On a measure space with pseudo-probability P, we introduce 
a random pair (a, fj) in S x T with 

Ef{a,fi) = E [ f{s,rj)^{ds). 
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Then the Palm distributions of rj with respect to ^ are given by 



E[f{vmi = E[f{fj)W] 



a.s. 



The duahty between Palm measures and conditional moment densities 
was first noted in [13]. The following versions of the main results (with 
subsequent clarifications) are convenient for our present purposes. 

Lemma 3.7. On a filtered probability space {^},J-,P), consider a random 
measure ^ on a Polish space S with a -finite intensity and some {J-t®S)- 
measurable processes Mt on S. Then: 

(i) E[C\Tt] = Mt ■ Ei a.s. ijff = M^^t ■ P a.e. on In this case, 
the versions P\-\\^]s,t = Mg^t P on Tt cif^ such that 

(ii) for fixed t, the measure P[-\\i\s,t is continuous in s £ S, in total 
variation on Tt, if and only if Ms^t is -continuous in s, 

(iii) for fixed s £ S, the measures -P[-||'^]s,f on Tt are consistent in t if 
and only if Alg^t is a martingale in t, 

(iv) if the J^t ire countably generated and the continuity in (ii) holds for 
every t, then the consistency in (iii) holds for all s G supp-B^. 

Here M is a function on 5 x R+ x Q such that M{s,t,ijj) is product- 
measurable in (s, oj) for each and we are writing Mt = M{-,t, •) and Mg^t = 
M(s, t, •). The Palm distributions -P[-||C]s form a kernel from S to Q, endowed 
with any of the a-fields J-t, and in (ii)^(iv) we consider some special versions 
of those measures on J'f 

Proof, (i) If E[^\J='t] = Mt ■ E^ a.s., then for any AeJ't and B£S 



which shows that we can choose -P[-||^]s = Mg^t • P on J^f Conversely, if 
= Mg^t ■ P a-e. on J^t, then a similar calculation yields 





and so 



= E[Mg,t; A] = {Mg^t ■ P)A, 



s £ S a.e. E(^ 




a.s. 



which means that we can choose £'[.^1 J-^] = Mt ■ E^ on S. 
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(ii) This follows from the L°°/L"'^-isometry 

m-UUt - Pms'At = \\iMs,t - Ms',t) ■ P\\t = E\Ms,t - M,,,i|, 

where || • \\t denotes total variation on J^f 

(iii) Since Mg^t is /"t-measurable, we get for any A & J^t and t < t' , 

P[AU]s,t - PimUt' = E[Ms,t - Ms,t';A] 

= E[Ms,t-E[Ms,t'\Tt];A], 

which vanishes for every A, if and only if Ms^t = E[Ms^tr\J^t] a-S- 

(iv) For any t <t' and A G Tt, we have P[^||^]s,t = P[A||^]s,t' a.e. by 
the uniqueness of the Palm disintegration. Since J-f is countably generated, 
a monotone-class argument gives -P[-||'^]s,t = -P['||C]s,t' a.e. on Tt, and so 
Ms.t = E[Ms^t'\J't] a.s. for s G 5" a.e. E^ as in (iii). By the L-'^-continuity 
of Mg^t and and the L^-contractivity of conditional expectations, the 
latter relation extends to suppE'^, and so by (iii) the measures -Pi-H'^Js,* are 
consistent for all s G suppE'^. □ 

Often in applications, ES^ = p ■ X for some fi-finite measure A on S" and 
continuous function p > on S. Assuming £'[^| J^^] = XfX a.s. for some {Tt (8) 
5)-measurable processes Xt, we may choose Mt = Xt/p in (i). Note that the 
L^-continuity in (ii) and the martingale property in (iii) hold simultaneously 
for X and M. 

A point process on a measure space T is defined as a random measure 
C of the form 5^ , where the Tj are random elements in T. Given Q and 
a probability kernel v from T to a measure space A^5, we may form a 
cluster process ^ = r/j, where the r/j are conditionally independent random 
measures on S with distributions Vn- We assume C, and u to be such that 
< oo a.s. for some measurable partition Bi,B2,. ■ ■ of S. If C is Poisson 
or Cox, we call a Poisson or Cox cluster process generated by ( and v. 

We need the following representation for the Palm measures of a Cox 
cluster process, quoted from [22]. For Poisson processes and dimension n = 1, 
the result goes back to [12, 23, 31, 35], and applications to superprocesses 
appear in [2, 4]. When is a Poisson cluster process generated by a measure 
fi £ A4t and a probability kernel from T to TWg, let ^ denote a random 
measure on S with pseudo-distribution = jj,v. Given a u-finite measure 
/i = Ylni^ri-, we call dfin/dfj, the relative density of /i„ with respect to //. 
Write Cr^ and E^j for the conditional distributions and expectations given rj. 

Lemma 3.8. Let ^ he a cluster process on S generated by a Cox process 
on T with directing measure rj. Then 

(3) E,e''=^(S)Evi''', ^eN, 
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which yields i?^®" by integration with respect to C{r]). Assuming E"^^®" to 
be a.s. a -finite and writing for the relative densities in (3), we have 

(4) £,[^11^®"]. = £,(0 * E Pv(') i*^ ^vrn'^'hs 

which yields by integration with respect to i2[?7||^®"]s. 

Here /^[^HC*^""] and need to be based on the same supporting 

measure for even when E^®^ fails to be cr-finite. For a probabihstic in- 
terpretation in the Poisson case, consider for any s € S^, a random partition 
TTs-LL^ in Vn with distribution given by the relative densities p'^ in (3) and 
some independent Palm versions ^/ of Then (4) is equivalent to 



The result extends immediately to Palm measures of the form >C[^'||(^")'^"]s) 
where ^' and ^" are random measures on 5' and S" such that the pair (^',^") 
forms a Cox cluster process directed by 77. Indeed, assuming S' and «S"' to 
be disjoint, we may apply Lemma 3.8 to the cluster process ^ = ^' + ^" on 
S = S' L) S" . This more general version is needed for the proof of Lemma 6.2 
below. 

Next we show how the moment and Palm measures of a random measure 77 
are affected by a shift by a fixed measure /i. Here we define {Os^j)f = fi{fo6s), 
where 6st = s + t. 

Lemma 3.9. Let C^{r]) = J fj,{ds)C{6sr]) for some random measure rj on 
R'^ and a 11^ Md such that Erf'^ = pn ■ A®"'^ with fi * pn < 00 a.e. Then 
E^T]®"" = {n* Pn) ■ A®'^'^ and 

8)ni _ f Pnjs — r)^{dr) ^wj^m „ ^ tp 



(5) = / a.e. E^rj' 

J {lJ'*Pn){s) 

Proof. Fixing n, we may write Pn = P and A®"'^((is) = ds, and let fig 
denote the mixing measure in (5). Then 

E^ [ r^^^{ds)f{s,7^)= [ fi{dr)E J r^^^{ds)f{s + r,9rr]) 

/i(dr) J E7]^{ds)E[f{s + r,erV)\\v'''']s 
fiidr) [ pis-r)dsE[f{s,9r7])\m-r 



J E^rf^{ds) J iis{dr)E[f{s,er 
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where the first step holds by the definition of P^, the second step holds by 
Palm disintegration and the third step holds by the definition of p and the 
invariance of A. This gives E^j^r]®"' = {/J, * p) ■ A®""^, and so the fourth step 
holds by Fubini's theorem. Now (5) follows by the uniqueness of the Palm 
disintegration. □ 

We turn to the Palm measures of a random measure of the form ^ ® (5,- . 

Lemma 3.10. For any random measure on S and random element r 
in a Borel space T, we have 

P[T^t\\i(^5r]s,t = Q, {s,t)€SxT a.e. E{C®6r). 

Proof. Since T is Borel, the diagonal {(t, t); t G T} in is measurable. 
Letting z/ be the associated supporting measure for ^(X" 5,-, we get by Palm 
disintegration 



and the assertion follows. □ 

The following continuity property of Palm distributions extends Lemma 2.2 
in [19]. For any random measure ^ on R'^, we define the centered Palm dis- 
tributions by P"" = C[e^s^U]s- Recah that E[(,;A] = E{(,1a). 

Lemma 3.11. Let ^„ and rjn be random measures on R'^ with centered 
Palm distributions P^ and Q^, respectively, and fix any B £ B'^. Then the 
following conditions imply sup^g^ ll^n ~ QnW ~^ 0-' 





(i) EUB>il; 

(ii) \\E[^nB; G •] - E[rinB; r?„ e -jW ^ 0; 

(iii) sup - + sup iiq; - q^ii ^ 0. 



r,s(iB r,s(iB 



Proof. Writing /^(/u) = {i^lB) ^ fi{ds)lA{9-sf^), we get 



(6) / ECn{ds)P^A = E{UB)fA{^n) = f E[UB; in G d^l]fA{^Ji) 
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Here the second term on the right tends to by (ii), and (6) shows that the 
first term is bounded by 



+ 



E{r,nB)Qf, - / Er]n{dr)Q:, 



B 



+ 



EUdr)Pl- / E^n{dr)Q'-^ 



<E{inB) sup \\P:-P^\\ + E{i^nB) sup WQl-Q: 

r,s(iB r,s(^B 



+ \\E[inB-,in^-]-E[l^nB-r,ne-]l 

which tends to by (i)-(iii). □ 

For any diffuse and locally finite random measure ^ on R'^, we say that 
the kernel is tight if E[iUl A ^ as r ^ for every 

X e (R'^)W, where Ul = \J,Bl^. In particular, ^[^{xJIIC®"]^ = for ah i. 
For probability measures on suitable measure spaces Ms^ weak continuity 
or convergence is defined with respect to the vague topology; cf. [12, 15]. 
The following result extends Lemmas 3.4 and 3.5 in [13]. 

Lemma 3.12. Let ^ be a diffuse random measure on S = R*^, such that: 

(i) is locally finite on 

(ii) for any open set G C S, the kernel C[1g<:(,\\C'^'^]x has a version, that 
is, continuous in total variation in x ^ G^'^^ ; 

(iii) for any compact set K C S^'^'^ , 

lim sup hmmf — ^ — J' = 0- 

Then the kernel >C[^||^®"]a; has a tight, weakly continuous version on S^'^\ 
satisfying the property in (ii) for every G. 



The result remains true with (ii) restricted to open sets G with G'^ com- 
pact. It also extends with the same proof to measure- valued processes ^t, 
where (i) and (iii) hold uniformly for t > in compacts, and we consider 
joint continuity in the pair (x,t). 

Proof. Proceeding as in [13], we may construct a version of the kernel 
^['^ll?'^"']a; S^^^ satisfying the continuity in (ii) for any open set G. Now fix 
any x G S^'^\ and let l{r) denote the liminf in (iii). By Palm disintegration 
under condition (i) , we may choose some — )• x in S^"^^ such that E[iUL A 
^^®'^]xk < '^K^)- Then by (ii) we have for any open G C R*^ and a; G G^, 

Em: n G'^) A i|ie®"]. = hm E[m n g^) a < kt). 

k^oo 
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Since G is arbitrary, and l{r) — t- as r — t- 0, we conclude that € 

is tight at X. Using the fuh strength of (iii), we get in the same way the 

uniform tightness 



(7) 



hm supS[et/; Al||eHx = 0, 



r-->0 



for any compact set K C 5^"^ For open G and Xfc — )• x in G''"^ we get, by 
(ii), 

By a simple approximation based on (7) (cf. Theorem 4.28 in [15] or Theo- 
rem 4.9 in [12]), the latter convergence remains valid with Iff^C replaced by 
^, as required. □ 

Next we show how the Palm distributions can be extended, with preserved 
continuity properties, to conditionally independent random elements. 

Lemma 3.13. Let ^ he a random measure on a Polish space S , consider 
some random elements a and /? in Borel spaces and choose a kernel v such 
i/iai t'a^^ = £[/3|a, ^] a.s. Then 

(8) C[^,a,m]s = C[^,ams^i^, s € S a.e. 
When /SlLaS,, this simplifies to 

(9) C[a,m]s=^aU]s®i^, sGSa.e.E^, 

where Ua = >C[/3|a] a.s. In the latter case, if C[a\\^] has a version, that is, 
continuous in total variation, then so does C\ 



Proof. First we prove (9) when ^ is a-measurable and Va = >C[/3|a] a.s. 
Assuming E^ to be cr-finite, we get 



Eads)E[f{s,a,pms = E / i{ds)f{s,a,P) 



E j i{ds) j u^{dt)f{s,a,t) 



Ei{ds)E 

and so for s G 5" a.e. E^ 



Va{dt)f{s,a,t)\\i 



I Vo.{dt)f{aMi 

J is 

j P[aedrUlJ Mdt)f{s,t) = {£[ams0iy)f, 
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as required. To obtain (8), it suffices to replace a in (9) by the pair (^,a). 
If /J-LLq-Ci then f^^^ = a.s., and (9) fohows from (8). In particular, 

(10) £[/3||e]. = /:K||e]., sG5a.e. 

Assuming £[q;||^] to be continuous in total variation and defining by 
(10), we get for any s, s' G 5, 

\\m\i\s- m\i\A\ = \\i^>M\s- i:-{yM\A\ 
<||/:[«||e],-/:[«||e]y||, 

and the asserted continuity follows. □ 

4. Moment measures and Palm kernels. We are now ready to begin our 
study of DW-processes ^ in R*^, starting from a cj-finite measure /i on R*^, 
always assumed to be such that is a.s. locally finite for all t > (cf. 
Lemma 4.1 below). This condition is clearly stronger than requiring only /x 
to be locally finite. The distribution of ^ is denoted by /^^t(C) = ^^t{C G ■}> 
and we write i2a;(C) — ^x\^ £ ■} when /i — bx- 

We will make constant use of the fact that is infinitely divisible, hence 
a countable sum of conditionally independent clusters, equally distributed 
apart from shifts and rooted at the points of a Poisson process Co of an- 
cestors with intensity measure t~^fi; cf. [4, 26]. Indeed, allowing the cluster 
distribution to be unbounded but cr-finite, we obtain a similar cluster rep- 
resentation of the historical process, and we may introduce an associated 
canonical cluster rj with pseudo-distributions Cx{ri), normalized such that 
Px{r]t / 0} = t~^, where the subscript x signifies that rj starts at x G R'^. For 
measures fi on R'^ we write C^{r]) = f Px{ri G ■}^{dx), and we define E^f{r}) 
accordingly. 

By the Markov property of i^, we have a similar representation of for 
every s = t — h £ {0,t) as a countable sum of conditionally independent h- 
clusters (clusters of age h), rooted at the points of a Cox process Cs directed 
by h~^^s- In other words, Cs is conditionally Poisson given with intensity 
measure h~^^s- 

We first state the criteria for the random measures to be locally finite, 
quoted from Lemma 3.2 in [19]. Recall that pt denotes the continuous density 
of the symmetric Gaussian distribution on R"' with variances t>0. 

Lemma 4.1. Let ^ he a DW-process in R'^ with a-finite initial measure ix. 
Then these conditions are equivalent: 

(i) is a.s. locally finite for every t > 0; 

(ii) E^^t is locally finite for every t > 0; 

(iii) /ipt < oo for all t > 0; 
in which case also 

(iv) E^S^t = EfiVt has the continuous density fj.*pt. 
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We turn to the moment measures of a DW-process ^ with canonical clus- 
ter 7]. Define i^^ = EoT]f"- and i// = EQr]f-^, and note that z/t = i^l = pt ■ A®'^. 
Write Yl'icJ summation over all nonempty, proper subsets I C J. Given 
any elements i 7^ j in J, we form a new set Jij = Jji by combining i and j 
into a single element 

The moment measures of a DW-process may be obtained by an initial 
cluster decomposition, followed by a recursive construction for the individual 
clusters, as specified by the compact and suggestive formulas below. Some 
more explicit versions are given after the statement of the theorem. 

Theorem 4.2. Let ^ be a DW-process in R'^ with canonical cluster rj, 
and write = E^vif'^. Then for any t > and fi: 

(i) E,^r= <^{fi*uf), nGN; 

TreVn JeiT 

(ii) vi = Y, / ^s* {^l-s ® ^iX) ds, I J| > 2; 

icJ 

(iii) ^/ = j; A^/- * ^f_i) d., |J|>2; 

(iv) u^+,= ^ U*<S}W)^ s,t>0,nGN. 

TrePn ^ Jen ^ 

Note that * denotes convolution in the space variables; (ii) and (iii) also 
involve convolution in the time variable. To state our more explicit versions 
of (i)-(iv), let /i,...,/n be any nonnegative, measurable functions on R'^, 
and write xj = {xj;j G J) G (R*^)-^. For uj.. G (R'^)'^'J, take Uk = Uij when 
ke{i,j}. 

(i') E^llCtf^= En/ ^(^^) / ''tidxj)l[n{u + x,); 

i<n ireVnJeiT iGJ 

(ii') ^t<S^fi = 'Y I ds I Us{du) I ul_,{dxi) I u-l)l{dxj\i) 



i£j IcJ 
X 



ieJ 

(iii') ^i^fi = Yl ds Us"{duj^^)Y\_ h^t-s{dxk)fk{uk + Xk); 
ieJ keJ-' 

(iv) y'^+t®h= E / ^^s{du.)\{ j ^i{dxj)\{h{uj + x,). 

i<n neVn JStt i6J 
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The cluster decomposition (i) and forward recursion (ii) are implicit in 
Dynkin [5], who works in a very general setting, using series expansions 
of Laplace transforms; cf. Section 2.2 in [7]. The backward recursion (iii) 
and Markov property (iv) are believed to be new. First we prove (i), (ii) 
and (iv). 

Partial proof, (i) Use the first assertion in Lemma 3.8. 

(ii) In Theorem 1.7 of [5], take K = X, ip^{z) = z^, and r] = 5q ® and 
let Yix be the distribution of a standard Brownian motion starting at x. 
Each term in (ii) appears twice, which accounts for the factor q\ = 2 in 
formula 1.6.B of [5]. Alternatively, we may use a probabilistic approach based 
on Le Gall's snake [28], or we may apply Ito's formula to the martingales 
£,s{i^t-s * f) — fJ'i'^t * f)^ s G [0,t], as explained for | J| = 2 in [7], page 39. 

(iv) Using (i) repeatedly, along with the Markov property at s, we get 

= E E (8)('"*^')*(8)^/- 

Now take ^ = c6o with c > 0, divide by c, and let c — t- 0. □ 

Part (iii) will be deduced from Theorem 4.4 below, which in turn depends 
on the following discrete constructions. Say that a tree or branch is defined 
on [s,t], if it is rooted at time s, and all leaves extend to time t. It is also 
said to be simple if it has only one leaf, and binary if exactly two branches 
emanate from each vertex. It is further said to be geometric if its graph in the 
plane has no self-intersections. Furthermore, we say that a tree or set of trees 
is marked if distinct marks are assigned to the leaves. A random permutation 
is called uniform if it is exchangeable, and we say that the marks are random 
if they are conditionally exchangeable, given the underlying tree structure. 
Siblings are defined as leaves originating from the same vertex. 

Lemma 4.3. There are nl{n — l)!2-'^~" marked, binary trees on [0,n] 
with distinct splitting times l,...,n — 1. The following constructions are 
equivalent and give the same probability to all such trees: 

(i) Forward recursion: Proceed in n — 1 steps, starting from a simple 
tree on [0, 1]. After k — 1 steps, we have a binary tree on [0, k] with k leaves 
and distinct splitting times 1, . . . ,k — 1. Now divide a randomly chosen leaf 
into two, and extend all leaves to time k + 1. After the final step, attach 
random marks to the leaves. 
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(ii) Backward recursion: Proceed in n — 1 steps, starting from n simple, 
marked trees on [n — 1 , n] . After k — 1 steps, we have n — k+1 binary trees on 
[n — k,n] with totally n leaves and distinct splitting times n — k + 1, . . . ,n—l. 
Now join two randomly chosen roots, and extend all roots to time n — k — 1. 
Continue until all roots are connected. 

(iii) Sideways recursion: Let ri,...,r„_i be a uniform permutation of 
1,..., n — 1. Proceed in n — 1 steps, starting from a simple tree on [0,n]. 
After k — 1 steps, we have a binary tree on [0,n] with k leaves and distinct 
splitting times ti, . . . ,Tk-i- Now attach a new branch on [rfc,n] to the last 
available path. After the final step, attach random marks to the leaves. 

Proof, (ii) By the obvious one-to-one correspondence between marked 
trees and selections of pairs, this construction gives the same probabihty to 
all possible trees. The total number of choices is clearly 

/n\/n-l\ /2\ _n(n-l)(n-l)(n-2) 2 • 1 _ n!(n - 1)! 
\2)\ 2 )"'\2)~ 2 2 2~~ 

(i) Before the final marking of leaves, the resulting tree can be realized 
as a geometric one, which yields a one-to-one correspondence between the 
(n — 1)! possible constructions and the set of all geometric trees. Now any 
binary tree with n distinct splitting times and with m pairs of siblings can 
be realized as a geometric tree in 2"~'"~^ different ways. Furthermore, any 
geometric tree with n leaves and m pairs of siblings can be marked in n!2~™ 
nonequivalent ways. Hence, any given tree of this type has probability 

(n — 1)! nl nl(n — 1)1 ' 

which is independent of m and hence is the same for all trees. (Note that 
this agrees with the probability in (ii).) 

(iii) Before the final marking, this construction yields a binary, geometric 
tree with distinct splitting times 1, . . . , n. Conversely, any geometric tree can 
be realized in this way for a suitable permutation ri,...,r„_i of l,...,n. 
The correspondence is one-to-one, since both sets of trees have the same 
cardinality (n — 1)!. The proof may now be completed as in case (i). □ 

Given a uniform, discrete random tree, as described in Lemma 4.3, we may 
form a uniform, marked, Brownian tree in R*^ on the time interval [0,t] by a 
suitable choice of random splitting times and spatial motion. Note that this 
uniform tree is entirely different from the historical Brownian tree considered 
in [26] or in Section 3.4 of [7]. Elaborating on the insight of Etheridge [7], 
Sections 2.1-2, we show how the moment measures of a single cluster admit 
a probabilistic interpretation in terms of such a tree. 
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Theorem 4.4. Form a marked, binary random tree in R , rooted at 
the origin at time 0, with n leaves extending to time t > 0, with branching 
structure as in Lemma 4-3, with splitting times ri, . . . ,Tn-i given by an in- 
dependent, uniform binomial process on [0,t], and with spatial motion given 
by independent Brownian motions along the branches. Then the joint dis- 
tribution jJL^ of the leaves at time t and the cluster moment measure in 
Theorem 4-2 are related by = n\t'^~^fi2- 

Proof. The assertion is obvious for n = 1. Proceeding by induction, 
assume that the statement holds for trees up to order n — 1, where n > 2, 
and turn to trees of order n marked by J = {1, . . . , n}. For any I <Z J with 
|/| = fc G Lemma 4.3 shows that the number of marked, discrete trees 

of order n such that J first sphts into I and J\I equals 



where the last factor on the left arises from the choice of /c — 1 splitting 
times for the /-component, among the remaining n — 2 splitting times for the 
original tree. Since the total number of trees is n!(n — 1)!2^~"', the probability 
that J first splits into / and J\I equals 



Since all genealogies are equally likely, the discrete subtrees marked by / 
and J\I are conditionally independent and uniformly distributed, and the 
remaining branching times 2, . . . ,n — 1 are divided uniformly between the 
two trees. Since the splitting times ri < • • • < r„,_i of the continuous tree 
form a uniform binomial process on [0,t], Lemma 2.8 shows that C{ti) has 
density (n— — s)"~^t^~'^, whereas T2,. . . , r„_i form a binomial process on 
[ri,t], conditionally on ri. Furthermore, Lemma 2.6 shows that the splitting 
times of the two subtrees form independent binomial processes on [Ti,i], 
conditionally on ri and the initial split of J into I and J\I. Combining these 
facts with the conditional independence of the spatial motion, we see that 
the continuous subtrees marked by / and J\I are conditionally independent 
uniform Brownian trees on [ti , t] , given the spatial motion up to time ri and 
the split at time ri of the original index set into / and J\I. 

Conditioning as indicated and using the induction hypothesis and Theo- 
rem 4.2 (ii), we get 




{n-2)\kl{n-k)\2'^-'', 





CONDITIONING IN SUPERPROCESSES 



25 



+l-n ^ , ft j.l—n 

where |/| = k. Note that a factor 2 cancels out in the first step, since every 
partition {/, J \ /} is counted twice. This completes the induction. □ 

Proof of Theorem 4.2(iii). Let ti < • • • < r„_i denote the splitting 
times of the Brownian tree in Theorem 4.4. By Lemma 2.8, t„_i has den- 
sity {n — (in s for fixed t), and given Tn-i the remaining times 
Ti, . . . , Tn-2 form a uniform binomial process on [0, r„_i] . By Lemma 4.3 the 
entire structure up to time r„_i is then conditionally a uniform Brownian 
tree of order n — 1 , independent of the last branching and the motion up to 
time t. Defining /i/ as before and conditioning on r„„i, we get 




By Theorem 4.4 we may substitute 

J _ Jij _ _ 

and the assertion follows. Here again a factor 2 cancels out in the last com- 
putation, since every pair {i,j} appears twice in the summation J2ijeJ- 

□ 

To describe the Palm distributions of a single cluster, we begin with some 
basic properties of the Brownian excursion and snake. Given a process X 
in a space S and some random times a <t, we define the restriction of X 
to [cr, r] as the process Yg = Xo-+s for s <t — a and = A for s > r — a, 
where A ^ S. By a Markov time for X we mean a random time a, such 
that the restrictions of X to [0, cr] and [a, oo] are conditionally independent, 
given X(y. We quote some distributional facts for the Brownian excursion, 
first noted by Williams [36]; cf. [25]. 

Lemma 4.5. Given a Brownian excursion X , conditioned to reach height 
i > 0, let a and r he the first and last times that X visits t, and write p for 
the first time X attains its minimum on [c, r]. Then Xp is U{0,t), and a, 
p and T are Markov times for X . 

Some induced properties of the Brownian snake are implicit in Le Gall 
[26, 28]: 
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Lemma 4.6. Given X , a, p and r as in Lemma 4-5, let Y be a Brownian 
snake with contour process X. Then Yu and Y-j- are Brownian motions on 
[0,t] extending Yp on [0,Xp], both are independent of Xp, and a, p and r 
are Markov times for Y . 

Proof. The corresponding properties are easily verified for the approx- 
imating discrete snake based on a simple random walk (cf. [7], Section 3.6), 
and they extend in the limit to the continuous snake. Alternatively, we may 
approximate the Brownian snake, as in [26], by a discrete tree under the 
Brownian excursion, for which the corresponding properties are again obvi- 
ous. □ 

We now form an extended Brownian excursion, generating an extended 
Brownian snake, related to the uniform Brownian tree in Theorem 4.4. The 
unmarked tree, constructed as in Lemma 4.3 (iii) though with Brownian 
spatial motion and with ti, . . . ,r„_i chosen to be i.i.d. U{0,t), is referred to 
below as a discrete Brownian snake on [0, t] of order n. 

Lemma 4.7. Given a Brownian excursion X , conditioned to reach height 
t>0, form by inserting n independent copies of the path between the first 
and last visits to t, let ti < ■ ■ ■ < Tn be the connection times of those n + 1 
paths, and form a Brownian snake Y^ with contour process X". Then the 
paths YJ^, . . . ,YJ^ form a discrete Brownian snake on [0,t]. 

Proof. Use Lemma 4.6 and its proof. □ 

The extended Brownian snake Y"^ generates a measure-valued process 
r]n, in the same way as the ordinary snake Y generates a single cluster rj; 
cf. [26, 28] or [7], page 69. We show how the nth order Palm distributions 
with respect to i]t can be obtained from by suitable conditioning. The 
"cluster terms" in Lemma 3.8 can then be obtained by simple averaging, 
based on the elementary Lemma 3.9. 

Theorem 4.8. Let Yn be an extended Brownian snake with connection 
times Ti, . . . , Tn, generating a measure- valued process rjn- Ghoose an indepen- 
dent, uniform permutation vr of 1, ... ,n, and define /3fc = l^(r7rj.,t), k <n. 
Then for any initial measure fi on R'^, the nth order Palm distributions of 
7] with respect to rjt are given a.e. A®"*^ by 

(11) £p[r,\\vrh = £^[Vn\f3] a.s. 

Proof. Let tq and ti be the first and last times that X visits t, and 
let To, . . . ,Tn+i be the endpoints of the corresponding n + 1 paths for the 
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extended process Introduce the associated local times ctq, . . . , cr„+i of 
Xn at t, so that (Tq = and the differences Gk — are independent and 
exponentially distributed with rate c = t~^. Writing fi o tt = (0",^, • • • jCTtt^), 
we get, by Lemma 2.9, 



By excursion theory (cf. [15], pages 432-442), the shifted path Or^X on 
[0,Ti — To] is generated by a Poisson process C-LLci of excursions from t, 
restricted to the set of paths not reaching level 0. By the strong Markov 
property, we can use the same process Q to encode the excursions of Xn on 
the extended interval [to,t„+i], provided that we choose C-LL(o"i, . . . ,cJn+i). 
By Lemma 4.5, the restrictions of X to the intervals [0,ro] and [ri,oo] are 
independent of the intermediate path, and the corresponding property holds 
for the restrictions of X^ to [0,ro] and [r„+i,oo], by the construction in 
Lemma 4.7. For convenience we may extend C to a point process Q' on 
[0,00], using points at and 00 to encode the initial and terminal paths of 
X or Xn- From (12) we get, by independence. 



The inverse local time processes T of X and T„ of Xn are obtained from 
the pairs {aiX') or {an+i-,C)-, respectively, by a common measurable con- 
struction, and we note that T{ak) = for A; = 0, 1 and Tn{(Jk) = 'Tk for 
A; = 0, . . . , n + 1. Furthermore, ^ = A o T"^ and ^„ = A o are the local 
time random measures of X and Xn, respectively, at height t. Since the 
entire excursions X and Xn may be recovered from the same pairs by a 
common measurable mapping, we get, from (13), 



(14) Ef{Ton,Xn) = ^E f{Tos,X)ds = -E f{r,X)e''{dr), 



where To s = (T^^, . . . ,Ts^), and the second equality holds by the substitu- 
tion rule for Lebesgue-Stieltjes integrals. 

Now introduce some random snakes Y and Yn with contour processes X 
and Xn, respectively, with initial distribution ^u, and with Brownian spa- 
tial motion in R'^. By Le Gall's path-wise construction of the snake [26], 
or alternatively by the discrete approximation described in [7], the condi- 
tional distributions £^[y|X] and £^[y„|X„] are given by a common prob- 
ability kernel. The same constructions justify the conditional independence 
y„_LLx„(T0 7r), and so, by (14), 



(12) 




(13) 
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Since /3fc = Yn{To 7rk,t) for all k, and r]t is the image of ^ under the map 
Y{-,t), the substitution rule for integrals yields 

E,f{f3,Yr,) = ^E,J f{Y{r,t),Y)e''{dr) = ^-E,j f {x ,Y)i^f^ {dx) . 

Finally, the entire clusters rj and r/„ are generated by Y and Yn , respectively, 
through a common measurable mapping, and so 

E^f{f3,r]r^) = ^E^J f[x,r,)r,f^{dx), 

which extends by monotone convergence to any initial measure. The asser- 
tion now follows by direct disintegration, or by the conditioning approach 
to Palm distributions described in Section 3. □ 

5. Moment densities. Here we collect some technical estimates and con- 
tinuity properties for the moment densities of a DW-process, useful in sub- 
sequent sections. We begin with a result for general Brownian trees, defined 
as random trees in R'^ with spatial motion given by independent Brownian 
motions. For x G (R*^)", let rx denote the distance from x to the diagonal 
set Dn = ((R'^)("))'=. 

Lemma 5.1. For any marked Brownian tree on [0,s] with n leaves and 
paths in R'^, the joint distribution at time s has a continuous density q on 
(Rf^)W satisfying 

q{x) < (1 VtdnV-2)-'^/2p®"'^(x), X G (R^)^,. < t. 

Proof. Conditionally on tree structure and splitting times, the joint 
distribution is a convolution of centered Gaussian distributions //i , 
supported by some linear subspaces Si C ■ ■ ■ C Sn = R""' of dimensions d, 2d, 
. . . , nd. The tree structure is specified by a nested sequence of partitions 
TTi, . . . , 7r„ of the index set {!,..., n}, and we write hi, . . . ,hn for the times 
between branchings. Then Lemma 2.1 shows that ji^ has principal variances 
hk\J\, J ^TTk, each with multiplicity d. Writing vt=Pf ^^'^ and noting that 
I J| < n — k + 1 for J G vr^, we get, by Lemma 2.2, 

< (n - + lY'-'^'/'u^t,^i),^ ® '^o^^""'^', k < n. 

Putting 

c=\{{n-k + l)^''-^'>'''^ <n'^'''l\ 

k<n 

Sk = {n-k+l)hk, tk=Sk^ Vsn, k<n. 
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we get 

c^' (*)^.< (*) {u^t^sf-'^') = (^ (*)<. = (8)<. 

k<n k<n ,^ j>k 

k<n k<n 

Consider the orthogonal decomposition x = xi + ■ ■ ■ + Xn in R"'^ with 
Xk £ Sk Q Sk-i, and write x' = x — Xn- Since \xn\ equals the orthogonal 
distance of x to the subspace Sn-i C Dn, we get \xn\ > r^- Using Lemma 2.3 
and noting that hn = tn < tk < nt, we see that the continuous density of 
c~^{f-ti * • • • * Hn) at X is bounded by 

k<n k<n 

< (27r/i„)-"'^/2g-|x„P/2/.n -Q g-k.P/2nt 

k<n 

< (1 VtdnV„|-2)"'^/2p®-'^(|x,|)e-l"'l'/2-* 

<(lVtdn2r-2)"'^/2p®"^(x), 

where \xn\ also denotes the vector (|x„|,0, . . . ,0). Since the right-hand side 
is independent of branching structure and splitting times, the unconditional 
density q{x) has the same bound, and the desired estimate follows. The 
stated continuity follows by dominated convergence from the continuity of 
the normal density. □ 

This yields a useful estimate for the moment densities of a single cluster. 

Lemma 5.2. For a DW-process in R'^, the cluster moment measures = 
Eo'qf"' have densities (/"(x) that are jointly continuous in {x,t) G (R'^)^") x 
(0,oo) and satisfy the uniform bounds 

supg,"(x) < (1 Vr-2t)"'^/2p®"(2;), x £ (R'^)("),t > 0. 

s<t 

Proof. By Theorem 4.4 it is equivalent to consider the joint endpoint 
distribution of a uniform, nth order Brownian tree in R"^ on the interval 
[0,t], where the stated estimate holds by Lemma 5.1. To prove the asserted 
continuity, we may condition on tree structure and splitting times to get a 
nonsingular Gaussian distribution, for which the assertion is obvious. The 
unconditional statement then follows by dominated convergence, based on 
the uniform bound in Lemma 5.1. □ 

We proceed with a density version of Theorem 4.2. 
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Theorem 5.3. For a DW-process in R with initial measure the 
moment measures E^^f"^ and u"^ = E^rif^ have positive, jointly continuous 
densities on (R'^)(") x (0,cx3), satisfying density versions of the identities in 
Theorem 4-2(jL)-(}v) . 

Proof. Let denote the jointly continuous densities of obtained in 
Lemma 5.2. As mixtures of normal densities, they are again strictly positive. 
Inserting the versions into the convolution formulas of Theorem 4.2(i), 
we get some strictly positive densities of the measures E"^^®", and the joint 
continuity of those densities follows by extended dominated convergence 
(cf. [15], page 12) from the estimates in Lemma 5.2 and the joint continuity 
in Lemma 2.5. 

Inserting the continuous densities q^ into the expressions on the right 
of Theorem 4.2(ii)-(iv), we obtain densities of the measures on the left. If 
the latter functions can be shown to be continuous on (R'^)^'^) or (R'^)^"), 
respectively, they must agree with the continuous densities or and 
the desired identities follow. By Lemma 5.2 and extended dominated conver- 
gence, it is enough to prove the required continuity with q^ and replaced 
by the normal densities pt and p®t, respectively. Hence, we need to show 

that the convolutions pt *Pnt^, P^^-iyt *Pnt ^"^^ Put *Pnt ^-^^ continuous, 
which is clear since they are all nonsingular Gaussian. □ 

We turn to the conditional moment densities. 

Theorem 5.4. Let ^ be a DW-process in R*^ with = fx. Then for every 
n there exist some processes M* on R"''^, < s <t, such that: 

(i) i?^[en6] = • A®"'^ a.s., 0<s<t; 

(ii) Mg{x) is a martingale in s £ [0, t) for fixed x G (R'^)*-") and t > 0; 

(iii) M*(x) is continuous, a.s. and in , in {x,t) G (R'^)^"') x (s,oo) for 
fixed s > 0. 

Proof. Write Sn = (R'^)*-"-', let qf denote the continuous densities in 
Lemma 5.2 and let xj be the projection of x G R"'^ onto (R'^)"'. By the 
Markov property of ^ and Theorem 4.2(i), the random measures E^[^f'"'\^s] 
have a.s. densities 

(15) Ml{x)=Y,ll(Cs*qDi^j), xGSn, 

which are a.s. continuous in {x,t) £ Sn x {s,oo) for fixed s > by Theo- 
rem 5.3. Indeed, the previous theory applies with /i replaced by S,s, since 
EfiCsPt = fJ'Ps+t < oo and hence S^sPt < oo for every t > a.s. 



CONDITIONING IN SUPERPROCESSES 



31 



To prove the L^-continuity in (iii), it suffices, by Lemma 1.32 in [15], to 
show that Efj,Mg{x) is continuous in (x,t) £ SnX (s,oo). By Lemma 5.2 and 
extended dominated convergence, it is then enough to prove the a.s. and 
continuity in x S 5„ alone, for the processes in (15) with q^_g replaced by 
pf'^. Here the a.s. convergence holds by Lemma 2.5, and so by Theorem 4.2(i) 
it remains to show that * * pf^ is continuous on Sn for fixed s, t, fi 
and n. Since *pf^ = * pf"" is continuous on 5.„, by Theorem 4.4 and 
Lemma 5.1, it suffices, by Lemma 5.2 and extended dominated convergence, 
to show that ^ *pf'^ is continuous on R"'^ for fixed t, fj, and n, which holds 
by Lemma 2.5. 

To prove (ii), let B C R"*^ be measurable, and note that 

X^nd^M',;B] = E.^f^B = E,E,[(rB\Cs] 

= E^X^'^'^iMl; B] = X'^'"^[Ef,Ml-B], 

which implies Mq = E^M^ a.e. Since both sides are continuous on Sn, they 
agree identically on the same set, and so by (15) 

-n-eVn Jen neVn Jen 

Replacing by for arbitrary r > and using the Markov property at r, 
we obtain 

E^[M;ll{x)\ir] = Ml+\x) a.s., x E 5„, r > 0, < s < t, 
which yields the martingale property in (ii). □ 

We turn to a simple truncation property of the conditional densities. 

Lemma 5.5. Let ^ be a DW-process in R*^ with initial measure /U, fix 
some disjoint, open sets Bi, . . . , Bn C R*^ and put B = XkB^ and U = |J^ B^- 
Then as /i — )• we have, uniformly for {x, t) £ B x (0, oo) in compacts, 

E lli'i^U<t-h*qi)ixj)^0. 

neVn Jen 

Proof. Writing t = s + h and using the notation and results of Theo- 
rem 5.4, we see that the left-hand side is bounded by £^^M*(a;) = Mq(x). 
By Lemma 5.2, this is locally bounded by a sum of products of convolutions 
/i * pf"^ (xj), and Lemma 2.4 yields a similar uniform bound, valid in some 
neighborhood of every fixed pair {x,t) E (R'^)^"') x (0,oo). Letting ^ | locally 
and using Lemma 2.5 and dominated convergence, we get E^Ml{x)^0, uni- 
formly for {x,t) E (R'^)(") X (0 , oo) in compacts. This reduces the proof to 
the case of bounded fi. We may then estimate the expression on the left by 
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By Theorems 4.2(i) and 4.4 the norms ||-E'^'^^'/^|| are bounded for bounded 
t — h. Furthermore, Lemma 5.2 shows that the functions may be estimated 
by the corresponding normal densities pf"*^, for which the desired uniform 
convergence is obvious. □ 

We need some more precise estimates of the moment densities near the 
diagonals. Here q^-j. denotes the continuous density of E^^^f^ in Theorem 5.3. 

Lemma 5.6. Let ^ be a DW-process in *pf"' is contin- 

uous on R""^ and such that for fixed t > 0, uniformly on R"*^ and in s <t, 
h>0 and fi, 



Furthermore, £^^C?" * pT ^ <t (R'^)^") as s^t and h^O. 

Proof. By Theorem 4.2(i) it suffices to show that * pf^ < (1 V 
h~^t) X uniformly for s <t. By Theorem 4.4 we may replace by 

the distribution of the endpoint vector 7" of a uniform Brownian tree. Con- 
ditioning on tree structure and splitting times, we see from Lemma 2.1 that 
7" becomes centered Gaussian with principal variances bounded by nt. Con- 
volving with p®" gives a centered Gaussian density with principal variances 
in [h, nt + h], and Lemma 2.2 yields the required bound for the latter density 
in terms of the rotationally symmetric version p^J^_^f^- Taking expected values 
yields the corresponding unconditional bound. The asserted continuity may 
now be proved as in case of Lemma 2.5. 

To prove the last assertion, consider first the corresponding statement for 
a single cluster. Here both sides are mixtures of similar normal densities, 
obtained by conditioning on splitting times and branching structure in the 
equivalent Brownian trees of Theorem 4.4, and the statement results from 
an elementary approximation of the uniform binomial process on [0,t] by a 
similar process on [0, s] . The general result now follows by dominated conver- 
gence from the density version of Theorem 4.2(i) established in Theorem 5.3. 
□ 

To state the next result, we use for x = (xi, . . . , Xn) G (R'')" and k G [1, n] 
the notation x^ = {xi, . . . , Xj^). 

Lemma 5.7. For any fi and 1 <k <n we have, uniformly for < h < 
r < (t A ^) and {x,t) G (R*^)*^") x (0,oo) in compacts, 

^ ^ ^«>kyu^ ^ / r''^^~'^/'^\ d>3, 



{E,c"'^^uipf^-0p'r)){x,x^)< 



logri*', d = 2. 
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Proof. First we prove a similar estimate for the moment measures f "^'^ 
of a single cluster. By Theorem 4.4 it is equivalent to consider the distribu- 
tion for the endpoint vector (71, . . . ,7n+fc) of a uniform Brownian tree 
on [0, t] . Then let Tj and be the time and place where leaf number n + i 
is attached, and put r = (rj) and a = (a^). Let and denote the 
conditional distributions of (71,..., 7„), given r or (r, a), respectively, and 
put u = t + r. Then we have, uniformly for h and r as above and x G (R'^)^"), 

i<k 

-d/2 



i<k 



r 



k ( ^k{l-d/2) 



|logr 



k 



when d > 3 or d = 2, respectively. Here the first equality holds since (71 , . . . , 7„ 
and 7„+i, . . . ,7„+fc are conditionally independent, given r and a. The sec- 
ond relation holds since < r~'^l'^ . We may now use the chain rule for 
conditional expectations to replace /U^^^, by /x^^. Next we apply Lemma 2.7 
twice, first to replace ^u^^ by /i", then to replace Tn+i, . . . , T„+fc by a uniform 
binomial process on [0, i] . We also note that [i^ * i/®" < by the corre- 
sponding property of the binomial process. This implies /i" *pf^ < since 
both sides have continuous densities outside the diagonals by Lemma 5.2, 
justifying the third step. The last step is elementary calculus. 

Since the previous estimate is uniform in x G (R'^)^"\ it remains valid for 
the measures // * v"^^^ with replaced by the convolution /x * g^, which 
is bounded on compacts in (R"^)*-"-* x (0,oo) by Lemma 5.2. Finally, Theo- 
rem 4.2(i) shows, as before, that /x * *p^'"'{x) < A* * Qui^) h<t, which 
is again locally bounded. □ 

We conclude with two technical results, needed in the next section. 

Lemma 5.8. For any initial measure fi € Aid and a tt £ Vn with |7r| < n, 
we have 

li*i^^*(^i^i = qt,h-\'^'"', t,h>0, 

JGtt 

where qt,h{^) ~^ as /i — )• 0, uniformly for {x,t) G (R'^)^"') x (0,oo) in com- 
pacts. 

Proof. For x = (xi, . . . ,x„) e (R'^)'^"-), write A = miuj^j \xi — Xj\, and 
note that 

inf k.-^jp>(A/2)2j;(|J|-l)>AV4. 
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Letting qh denote the continuous density of (S^jeTr^ft (R'^)^"^ and using 
Lemma 5.2, we get as /i — t- 

sup Qhix -U)< sup n Pr^hixi - Uj) < h-^d/2^-Ay8nhd ^ 

uniformly for x E (R'^)^") in compacts. Since || = |7r|!tl'^l~^ by Theo- 
rem 4.4, we conclude that 

sup (u^ * qh){x — u) ^ 0, /z — )• 0, 

uniformly for {x,t) G (R'^)^") x R+ in compacts. 

Since the densities of satisfy *(H)jg,r 1h — 1t+h Theorems 4.2(iv) 
and 5.3, we have Vt * Qt+h- Using Lemmas 2.4 and 5.2 and writing 
u = {u, . . . ,u), we get 

(z.,- * - u) <pT{-u)=pT{u), u G R^ 

for some constant 6 > 0, uniformly for {x,t) S (R"^)*-"-* x (0,oo) in compacts. 
Here J" pf^{u)ix{du) < oo since ^Lpt < oo for all t > 0. Letting /i = /i„ — )• and 
restricting {x,t) = {xn,tn) to a compact subset of (R'^)^") x (0,oo), we get 
by dominated convergence 



qt,hix) = * i^t * Qh){x) = J K(iu){i^t * qh){x - n) ^ 0, 

which yields the required uniform convergence. □ 

For the clusters of a DW-process in R'^, we define 

Vh,e{dx) = EQ[r]h{dx);snY>tm{BlY > > 0,x G R'^. 

Lemma 5.9. For any initial measure /x G A^d, we have 

* * {^h,e ® i^f"^'^ ) = qlh ■ A^"", t,h,e> 0, 
where q^ f^ix) — )■ as e^"*"^ > /i — )■ for some r > 0, uniformly for {x,t) G 
^pc(-j(n) ^ (0,oo) m compacts. 

Proof. Let p be the span of t] from 0, and put T(r) = PqIp > ''ll^i]o 
and /i' = /i^/^. By Palm disintegration and Lemma 8.1(iv), i/^ ^ has a density 
bounded by 

-ph{x)T{e/2h'), \x\<e/2, 
.Ph{x), \x\>e/2. 

Letting i/^^ and u'j^^ denote the restrictions of Uh^e to -Bg^^ and {Bq^^Y, 

respectively, we conclude that i^'h e^'^h^"^ a density < T(e/2h')pf^{x). 

Hence, for < h <t, Theorem 4.4 yields a density < T{e/2h')q^j^j^{x) of 



Ph{x)T{ —LI < 
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i/f * {i^'f^^^ (g> z^®^" ^^). Here T{e/2h') ^ as h/e^ since p < oo a.s., and 

Lemma 5.2 gives sup„ Qt+hi^ ~ '^*) 5; 1) uniformly for {x, t) G (R'^)^") x (0, oo) 
in compacts. 

Next we note that u'j^^ (g) u'^^^ has a density bounded by 

Since ||f"|| < 1 for bounded t > by Theorem 4.4, even * (i^^'^ z^^'^" "^^) 
has a density that tends to 0, uniformly for x E R"*^ and bounded t> 0. Com- 
bining the results for i/^ ^ and v'^ ^, we conclude that z^" * {i'h,e ^ ^h^"^ ^'*) 
a density qf satisfying sup„ qf f^{x — it) — >• 0, uniformly for {x,t) S (R'^)^"') x 
(0,oo) in compacts. To deduce the stated result for general /i, we may argue 
as in the previous proof, using dominated convergence based on the rela- 
tions i'h,£ < i^h and * v®^ < t'^'Yh with associated density versions, valid 
by Theorems 4.2(iv) and 5.3. □ 

6. Palm continuity and approximation. Here we establish some continu- 
ity and approximation properties for the multivariate Palm distributions of 
a DW-process, needed in Section 9. We begin with a continuity property of 
the transition kernels, which might be known, though no reference could be 
found. 

Lemma 6.1. Let ^ be a DW-process in R'^, and fix any /i and B S B'^ , 
where either ^ or B is hounded. Then C^{lBit) is continuous in total vari- 
ation in t> 0. 

Proof. First let \\fi\\ < oo. For any t > 0, the ancestors of at time 
form a Poisson process Co with intensity t~^fj,. By Lemma 4.5 the ancestors 
splitting before time s € (0,t) form a Poisson process with intensity st~'^n, 
and so such a split occurs with probability 1 — exp(— < 
Hence, the process Q of ancestors at time s agrees, up to a set of probability 
st~^||/Lt||, with a Poisson process with intensity t~^fi*ps- 

Replacing s and thy s-\-h and t + h where \h\ < s, we see that the process 
C's+h ancestors of ^t+h at time s + h agrees up to probability (s + h){t-\- 
/i)~^||/u|| with a Poisson process with intensity {t-\-h)^^ fi*ps+h- Since and 
^t+h are both Cox cluster processes with the same cluster kernel, given by 
the normalized distribution of a (t — s)-cluster, the total variation distance 
between their distributions is bounded by the corresponding distance for the 
two ancestral processes. Noting that — ^(??2)|| < WEi]! — Er]2\\ for any 

Poisson processes rji and r/2 on the same space, we obtain a total bound of 
the order ||/i|| times 

1 1 



i2 + (t + /i)2 + 



t t + h 



WPs -Ps+h\\i ^ s + \h\ \h] 
t - t^ St' 
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Choosing s = \h\^^'^, we get convergence to as /i —t- 0, uniformly for t G 
(0, oo) in compacts, which proves the continuity in t. 

Now let n be arbitrary, and assume instead that B is bounded. Let fir and 
fi'j. denote the restrictions of fj, to Bq and (B^y. Then P^'^{^tB > 0} < {fi'j. * 
vt)B < oo, uniformly for t G (0,oo) in compacts (cf. Lemma 7.2 below). As 
r — 7- oo, we get > 0} — )• by dominated convergence, in the same 

uniform sense. Finally, by the version for bounded fi, Cf^^{lB^t) is continuous 
in total variation in t > for fixed r > 0. □ 

A similar argument based on the estimate H^^, *ps — < yields 
continuity in the same sense even under spatial shifts. We proceed with a 
uniform bound for the associated Palm distributions. 

Lemma 6.2. For any fx, t > 0, and open G C R"^, there exist some func- 
tions ph on G^""^ with ph ^0 as /i — )• 0, uniformly for {x,t) E G^") x (0,oo) 
in compacts, such that a.e. -E^^®" on G^"^ and for r < s <t with 2s > t + r 

II^M[lG^6lie"]-i?M[%(lG=e*-r)lie"]ll<P*-r. 

Proof. The random measures S^s and S^t may be regarded as Cox cluster 
processes generated by the random measure h~^£^r and the probability kernel 
hCu{rih) from R'^ to A^rf, where h = s — roTh = t — r, respectively. To keep 
track of the cluster structure, we introduce some marked versions or 
on R'^ X [0, 1], where each cluster is replaced by ii = 6^^ for some i.i.d. 
U{0,1) random variables independent of the ^j. Note that and are 
again cluster processes with generating kernels Dfi = C{^h ® ^a) from R"^ to 
A^(R'^ X [0,1]), where C{ih,CF) = Vh® X- By the transfer theorem (cf. [15], 
page 112), we may assume that x [0,1]) = a.s. 

For any v = {vi, . . . ,Vn) G [0,1]", we may write = ^t,v + ^tv^ where 
^t,v denotes the restriction of to R*^ x {vi, . . . ,VnY, which is product- 
measurable in {uj,v) by Lemma 3.3. Writing D = ([0, l]^"))'^, we get for any 
B e B""^ and for measurable functions / : (R'^ x [0, 1])" x A^(R'' x [0, 1]) ^ 
[0, 1] with /^,^ = for X e 5^ 

j I i?^ir(dxrf^)(^M[/-,-(iG^ioiii?"]x,.-^/.[/x,.(iG=4«)iic?" 

<E^j I lBix)iTidxdv)\f,,,ilG4t) - f.,vaG4t,v)\ 

<E,I llB{x)iT{dxdv)l{i',^,G''>0} 
< E,IT{B xD) + eJ' [ iTidxdv) m,uP' > 0}. 
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To estimate the first term on the right, we define V'^ = {vr G Vn] \t^\ < n}. 
For any k, vr G Vn, write k -< vr to mean that every set in k is a union of sets 
in vr, and put nl = {J £ tt; J C I}. Let Cr be the Cox process of ancestors to 

at time r = s — h. Using the definition of ^s-, the conditional independence 
of the clusters rju and Theorem 4.2(i), we get 

E,~e^{. xD)=Y,eJ &^ (du) (g) = E,ir * ® yi 



and similarly for the associated densities, where Q denotes the factorial 
measure of C^g on (R'^)^'^\ For each term on the right, we have |7r/| < \1\ 
for at least one / G k, and then Lemma 5.8 yields a corresponding density 
that tends to as /i—)- 0, uniformly for (x,r) G (R'^)^^) x (0,oo) in compacts. 
The remaining factors have locally bounded densities on (R'^)^^^ x (0,oo), 
for example, by Lemma 5.6. Hence, by combination, x D) has a 

density that tends to as /i — )• 0, uniformly for (x,s) G (R'^)^"^ x (0,oo) in 
compacts. 

Turning to the second term on the right, let B = XiBi C G^"-* be compact, 
and write Bj = Xi^jBi for J C {1, . . . , n}. Using the previous notation and 
defining Vf^^^ as in Lemma 5.9, we get for e > small enough, 

eJ'I lr(dxd^;)l{eUG^>0} 

J JBxD'^ 

TTsPn Jen' 

where 1 G Ji G vr, J( = Ji \ {1} and vr' = 7r\ { Ji}. For each term on the right. 
Lemma 5.9 yields a density of the first factor that tends to as /i — t- for 
fixed e > 0, uniformly for G (R'^)''^ x (0,cx)) in compacts. Since the 

remaining factors have locally bounded densities on the sets (R'^)'' x (0,oo) 
by Lemma 5.6, the entire sum has a density that tends to as /i —t- for 
fixed e > 0, uniformly for {x,t) G (R"^)^"^ x (0,oo) in compacts. Combining 
the previous estimates and using Lemma 3.4, we obtain 

(16) ||/:^[lG=6llfr]-,.'-^M[lG=eMllfr]x,.ll <Ph a.e. E^^T, 

for some measurable functions ph on (R*^)^"^ with — )• as /i — >■ 0, uniformly 
on compacts. 
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We now apply the probabilistic form of Lemma 3.8 to the pair 
regarded as a Cox cluster process generated by ^r- Under ^/^[Ct llCf the 
leading term agrees with the nondiagonal component S^t,v To see this, we 
first condition on so that becomes a Poisson cluster process generated 
by a nonrandom measure at time r. By Pubini's theorem, the leading term 
is a.e. restricted to R'^ x {vi, . . . , Vn}'^, whereas by Lemma 3.10 the remaining 
terms are a.e. restricted to R*^ x {vi, . . . ,Vn}- Hence, Lemma 3.8 yields a.e. 

/:M[6..ller]x,. = i^/.[%(CVr)||fr].,., XG (R'^)(-),z;G [0,1]", 
and so, by (16), 

W^.i^G^tWiTUv - E,[CUlGcit-r)\\iTU4 <Ph a.e. E.iT- 
The assertion now follows by Lemma 3.5. □ 

We may now establish some basic regularity properties for the Palm dis- 
tributions of a DW-process. Here again, weak continuity is defined with 
respect to the vague topology. 

Theorem 6.3. For a DW-process ^ in R'^, there exist versions of the 
Palm kernels ^fj.[^t\\^f^']x, such that: 

(i) "Jx is tight and weakly continuous in [x, t) G (R'^)(") x(0,oo); 

(ii) for any t> and open G C R'^, /^^[Icc^^ is continuous in total 
variation in x & 

(iii) for any open G and bounded fi or G^, Cfj_[lG'=£,t\\Cf"']x is continuous 
in total variation in {x,t) G G^") x (0,oo). 

Proof, (ii) For the conditional moment measure -E^iCf ""iCr] with r > 
fixed. Theorem 5.4 yields a Lebesgue density, that is, L^-continuous in 
(x, t) G (R'^)("^ X (r, oo). Since the continuous density of E^^f'^ is even strictly 
positive by Theorem 5.3, the L-^ -continuity extends to the density of 
with respect to E^^f^ . Hence, by Lemma 3.7 the Palm kernels 
have versions that are continuous in total variation in (x, t) G (R'^)*-"-* x (r, oo) 
for fixed r > 0. Fixing any i > r > and G C R*^, we see in particular that 
the kernel E^[C^XlG<:^t-r)\\if'^]x has a version, that is, continuous in total 
variation in x G (R'^)^'"^ Choosing arbitrary ri,r2,... G (0,t) with r/c — )• t, 
using Lemma 6.2 with r = and s = t, and invoking Lemma 3.6, we obtain 
a similar continuity property for the kernel >C^[lG"=^t H^^f ""Jx- 

(iii) Let (i or G'^ be bounded, and fix any r > 0. As before, we may 
choose the kernels ^^[Cr||Cf"]x fo be continuous in total variation in (x,t) G 
(Rd)W X (r^oo). For any x,x' G (R^)*^") and t,t' > r, write 

||E^[%(lGc6-r)||enx-^/.[%(lG=et'-.)l|er]x'll 
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As — 7- X and t' ^ t for fixed r, the first term on the right tends to 
in total variation by Lemma 6.1 and dominated convergence, whereas the 
second term tends to in the same sense by the continuous choice of kernels. 
This shows that Ef^[C^^{lG'=£,t-r)\\^f'^]x is continuous in total variation in 
{x,t) G (R'')*^") X (r, oo) for fixed r, /i, and G. 

Now choose /ii, /12, . . . > to be rationally independent^ with /i„ — )• 0, and 
define 

rk{t) = hk[h^H-], t>0,k£H. 

Then Lemma 6.2 applies with r = rfc(t) and s = t for some functions pk 
with Pk — ?• 0, uniformly for {x,t) S G*-"-* x (0,oo) in compacts. Since the 
sets Uk = hk[jj{j — satisfy limsup^C/fc = (0,oo), Lemma 3.6 yields a 
version of the kernel /^^[lGC'?t||^^"]a;) that is, continuous in total variation 
in (x, t) G X (0 , 00 . 

(i) Writing = - B"^, and using Theorem 5.3 and Lemma 5.7, we get 



^fJ.'^t ^X j<„ 



r^|logr| 



uniformly for {x,t) G (R'^)W x (0 ,00) in compacts. Now use part (iii), along 
with a uniform version of Lemma 3.12 for random measures ^j. □ 

The last result yields a similar continuity property for the forward Palm 
kernels C^[S,tUf% with s<t. 

Corollary 6.4. For fixed t> s>0, C^[£,t\\Cf"']x has a version, that is, 
continuous in total variation in x E (R"')^'^^. 

Proof. Let (s denote the ancestral process of at time s = t — h. 
Since ^t_LL^^,^®"', it suffices by Lemma 3.13 to prove the continuity in total 
variation of Since Cs is a Cox process directed by h~^£,s, we see 

from [22] that is a.e. the distribution of a Cox process directed 

by C^[h-^(sUf%. Hence, for any G C R^ 

\\C,[CsUT]x-C,[lG<sUr]x\\ 

<p,[CsG>ouT]x 

= E,[l - e-^-'^^^'UTl < E,[h~'C,G A 111^"],. 



^Meaning that no nontrivial linear combination with integral coefficients exists. 
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Choosing versions of ^/ii^sH^®""]!: as in Theorem 6.3 and using part (i) of 
that result, we conclude that 'C^[Cs||?f'"']x can be approximated in total vari- 
ation by kernels £^[l(5=Cs||Cf "Ix with open G C R"^, uniformly for x S G*-") 
in compacts. It is then enough to choose the latter kernel to be continu- 
ous in total variation on G^"^. Since loc^^XLi^cgslGCs) such a version exists 
by Lemma 3.13, given the corresponding property of /^^[Ic^Csll^f^lx from 
Theorem 6.3(ii). □ 

The following approximation plays a crucial role in Section 9. Here the 
Palm kernels are assumed to be continuous, in the sense of Theorem 6.3 and 
Corollary 6.4. 

Lemma 6.5. Fix any fi, t> and open G C R'^. Then as s^t and u — )• 
X S G^'^\ we have 

\\c,[iG<MT]u - c.iiG^mf'U ^ 0. 

Proof. Letting r < s <t, we write 

< wc.iiG^mTi - E,[c^,.{iG4t-rmru\ 



(17) 



+ \\£,[iG<Mn.-E,[/:u^G<t-rm: 



By Lemma 3.7 and Theorems 5.3 and 5.4, the kernels ^^['?r||C?"]x and 
>C^[^r llCf have versions that are continuous in total variation in x G 
(R<^)("-), "With such choices and for 2s > t + r, Lemma 6.2 shows that the 
first two terms on the right of (17) are bounded by some functions pt-r, 
where PhiO as /i — t- 0, uniformly for {x,t) G G^"^ x (0,oo) in compacts. 
Next, by Lemma 3.7 and Theorem 5.4, the last term in (17) tends to as 
s — ?• i for fixed r and t, uniformly for {x,t) € (R*^)^"^ x (0,oo) in compacts. 
Letting s — )• t and then r ^ t, we conclude that the left-hand side of (17) 
tends to as st*) uniformly for x € G^"'^ in compacts. Since £^[lG':^t||?f "Jx 
is continuous in total variation in x G G^^'^ by Theorem 6.3(ii), we obtain 
the required joint convergence as s f i and ti — >• x. □ 

We conclude with a continuity property of the one-dimensional Palm dis- 
tributions, quoted from Lemma 3.5 in [19] and its proof. Here >C^['^t||Ci]a; 
and denote the continuous versions of the Palm distributions of 

S^t and 7]t, as constructed explicitly in [2, 4]. 

Lemma 6.6. Let ^ he a DW-process in R'^ with canonical cluster rj. 
Then for fixed t > and fi, the shifted Palm distributions Cf^[9-x(,t\\^t]x (^nd 
Cfj_[9-xr]t\\r]t]x cLfs continuous in x ^ R'^, in total variation on any compact 
set B C R*^. When ||^|| <oo we may even take B = R*^. 
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7. Hitting, multiplicities, and decoupling. Here we derive some estimates 
of hitting probabilities needed in subsequent sections. We begin with the 
basic hitting estimates, quoted in the form of Lemma 4.2 in [19]. The state- 
ment also defines the function t{e) that occurs frequently below. Note that 
the definitions differ for d>3 and d=2. 

Lemma 7.1. Let rj be the canonical cluster of a DW-process in R'^. 
Then: 

(i) for d>3, we have with t{e) = t + e'^ , uniformly in fj,, t and e with 
0<e<Vi, 

m < e^-''P^{rjtB'o > 0} < fiptiey, 

(ii) for d = 2, we may choose t{e) = tl{e/\/t) with < — 1 < |loge|~^/^ 
such that, uniformly for fi, t and e with < 2e < \/t, 

m < \og{t/e^)P^{iitBl > 0} < 

We proceed with a uniform limit theorem for hitting probabilities, quoted 
from Lemma 5.1 and Theorem 5.3 in [19]. Define 

Crf = lime^-^Pol^.Bg > 0}M(0), d > 3, 

m{e) = \\oge\P^2{r]iBl>Q}, d = 2, 

where the constants q exist by [3], and the function logm(e) is bounded for 
£ <C 1 by Lemma 5.1 in [19]. 

Lemma 7.2. Let ^ be a DW-process in R'^ with canonical cluster rj. Then 
as e — 7- for fixed t> 0, fi and bounded B: 

(i) \\e^~''P^{CtBl)>0}-Cd{l^*pt)\\B^O, d>3; 

(ii) \\\loge\P^{CtBl)>0}-m{e){fi*pt)\\B^O, d = 2, 

and similarly with replaced by rjt. When ix is bounded, we may take B = R"^. 



We also quote from Lemma 4.4 in [19] some estimates for multiple hits, 
later to be extended in Lemma 7.5. Let k| denote the number of /i-clusters 
of hitting Bq at time t. 

Lemma 7.3. Let ^ be a DW-process in R'^. Then: 

(i) for d > 3, we have with tg = t + e"^ as e'^ <^ h<t 

(ii) for d = 2, there exists a function th^e > t with < th^e~t S h\\oge\~^^'^ , 
such that as e <^h<t 

E^^KkI - 1) < \loge\-^log{t /h)fipt + im{h,e)f}- 
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For a DW-process ^ in R'^ and for any t>h>0, let r/^, r/^, . . . denote the 
/i-clusters in and write for the ancestral process of S^t at time s = t — h. 
When Cs = T.^^ Ui , we also write rj^' for the /i-cluster rooted at Ui . Put 
(N")' = N'^\N("). Define h{e) as in Lemma 7.1, but with t replaced by h. 

First we estimate the probability for a single /i-cluster in to hit several 
e-balls around xi, . . . ,x„ G R"'. We will refer repeatedly to the conditions 

< /i < e, d > 3, 

(18) 

/i < |loge|^^ < |log/i|"\ d = 2. 

Lemma 7.4. Lei he a DW-process in R'^ , and fix any fi, t > 0, and 
X £ (R'^)("). Then as e,h^ 0, subject to (18), 



fce(N")' i<n 



|loge|-'", d = 2. 



Proof. We need to show that for any j in {1, . . . , n}, 

|loge|-", d = 2. 



fceN 



Writing rc = + Xj) and A I, and using Cauchy's inequality, 

Lemmas 4.1 and 7.1(i) and the parallelogram identity, we get for d>3, 



P^[J{4Bl^AVhBl^>0} 
fceN 



E^Udu)Pu{VhB',^/\VhBl^>0} 
< I {fi*Ps)udu{Pu{vhB',^>0}Pu{7lhB',^>0})'^' 

<e- fi,.p.).duip.M-u)p.A^.-n)r 

\fi*Ps)uPhA^-u)due-\^-\'/'^' 
<e'-\f^*P2t){x)e-\^''\'/'^', 
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which tends to faster than any power of e. If instead d = 2, we get, from 
Lemma 7.1(ii), the bound 

(log(Ve'))^'(/U*PtJ(x)e-l^^l'/8^' < |log6|-^(M*P2^)(S)el^^l'/^^ 
which tends to faster than any power of |loge|~^. □ 

We turn to the possibihty for a single ball . to be hit by several h- 
clusters of ^j, thus providing a multivariate version of Lemma 7.3: 

Lemma 7.5. Let ^ be a DW-process in R'^, and fix any fx, t > Q and 
X G (R'^)(") . Then as e,h-^ 0, subject to (18), 



loge|"", d = 2. 



To compare with Lemma 7.3, note that the estimates for n = 1 reduce to 

llogel"^ d = 2. 



E^{kI - 1)+ < 
Proof. On the sets 



Ah,e = n |E 1^^/'^-. > 0} < h,e> 0, 



j<n ^feeN 

we have 



< E n ^i^hB^, > 0} = n E li^^^^. > 0} ^ 

fceN"j<n j<nkeN 
k ; 

On ^ we note that HjXn ''Ih > ^ implies Vfi^x^ > for some i <n and 
I ^ ki, . . . ,kn, and so 



feGNt") J<" 

< E E > 0} n > 0} 

(A:,/)6N("+l) J<" 



E// d"+')(^^^«)i{r/;;i?^. > 0} n > 0}, 

i<n J<n- 
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where u = {ui, . . . ,n„) G R"'^ and v € R*^. Finally, writing Uh,e for the union 
in Lemma 7.4 and using Lemma 2.11, we get on Uj^^ 



nEii^^^^.>o}-i) 

i<nfceN ^+ 

^ E (E ^i'iK > 0} - 1) n E ^i^'Bl^ > 0} 

i<n ^leN ^ j<nkeN 

= E E li^^^-. > 0} n ^i^JhBi^ > 0}, 

which agrees with the bound in (19). Now let qj^^ denote the continuous 
density of E^^f"" in Theorem 5.3. Since Q = (UhJnAh^e) U U^^^ U A^^^, we 
may combine the previous estimates and use Lemmas 5.6 and 7.1(i) to get, 
for d>3, 

= E/ / E,e^''^'\dudv)P,{r^,Bl^ > 0} n PuAVhB^, > 0} 
<^(n+i)(d-2)^ j I q-+\u,v)dudvp,,^{x,-v)llph^{xj-u,) 

i<n i<™ 

j<71 

< ^(n+l){d-2);jl-d/2 ^ gn(d-2)^ 

The term nP'P^Uh^fr on the left is of the required order by Lemma 7.4. For d = 
2, a similar argument, based on Lemma 7.1(ii), yields the bound |loge|~"~^ x 
|log/i| < |loge|"". □ 

We may combine the last two lemmas into a useful approximation: 

Corollary 7.6. Fix any t, x and fi, let ^ be a DW-process in R'^ with 
h-clusters t]^ at time t and let ^ he a random element in a space T . Put B = 
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(Bq)^. Then as e, /i — t- subject to (18), and for d > 3 or d = 2, respectively, 



CMtS')j<n,l)-E^ / &\du)l{{{ri;^^Sl\,<n,l)^-] 



B 



^n(d-2) 

llogel""'. 



Proof. It is enough to establish the corresponding bounds for 

/(te5^,)i<n,7)- / d")W/((??;:^5^,)i<n,7) 



uniformly for //^-measurable functions / on Ai^ ^ ^ with < / < Ing ■ 
Writing A| for the absolute value on the left, Uh^e for the union in Lemma 7.4 
and for the sum in Lemma 7.5, we note that 

Al<^ll{Kl>l} + l{Kl<l-UH,e}. 

Since kl{k > 1} < 2{k — 1)+ for any k G Z+, we get 

E^Al<2E^{Kl-l)+ + P^Uh,e, 
which is of the required order by Lemmas 7.4 and 7.5. □ 

We proceed to estimate the contribution of to the balls B^. from dis- 
tantly rooted /i-clusters. Define B!^ = y^j<nBl.. for x = (xj) G (R*^)"". 

Lemma 7.7. Fix any t,r > 0, x £ (R'')(") and fi, and put B^ = XjBl.. 
Then as e, /i — t- 0, with < h for d>3 and e < h for d = 2. 



•^^S j<n 



|loge|-", d = 2. 



Proof. Let denote the jointly continuous density of -E^^^" from 
Theorem 5.3. For d > 3 we may use the conditional independence and Lem- 
ma 7.1(i) to write the ratio between the two sides as 



< [ qls{n)vt:{x-u)du 



= K,s*Pt:){^)- [ qlAx-u)pf^{u)du, 
J Bo 

where = /i + e^. Here the first term on the right tends to q^^ti^) as /i^ — )• 
by Lemma 5.6, and the same limit is obtained for the second term by the joint 
continuity in Theorem 5.3 and elementary estimates. Hence, the difference 
tends to 0. For d = 2, the same argument yields a similar bound with £^i<^-^) 
replaced by |log(e^//i)|~". Since < £ < /i — )• 0, we have |log(e^//i)| > |loge|, 
and the assertion follows. □ 
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Next we estimate the probability that a closed set C R'^ is hit by some 
/i-cluster in rooted within a compact subset B C G. For our present 
purposes, it suffices with a bound that tends to as /i — t- faster than any 
power of h. 

Lemma 7.8. Let t = s + h with < h < s, let G C R'^ be open with a 
compact subset B, and let r denote the minimum distance between B and G'^. 
Write d^s for the ancestral process of S^t o,t time s . Then 

P^i^j^Udu)illG' > o| < r''h-^-'"^e-'"/^^{^, * vt)B. 
Proof. Letting h' = /i^/^ < r/2, we get by Theorem 3.3(b) in [3] 

udumBir>Q 



< E^^,Br-\r/hY+^e^'/^'' 

< if! * ut)Br''h~^-^l\-'-"l^^. 

Here the first step holds by the definition of r, the second step holds by 
conditional independence and shift invariance, and the last step holds since 
Efi^s = /U * and Ps < Pt when s G [t/2, t] . □ 

The last two lemmas yield a useful decoupling approximation: 

Corollary 7.9. For a DW-process ^ in R'^ and times t and s = t — h, 
choose |t±L^^^f with {£,s,(,t) = (^s,6)- Let G CR'^ be open, put B = (Sq)" x 
G^, and fix any x G G^"^ . Then as e, /i — )■ subject to (18) 

( ^n[d-2) ^ d>3, 



"""" y |loge|-", d = 2. 

Proof. Letting = [jjBl.., fix any r > with U^^' C G, and write 

it = £!t~^ it ^'^d = + iti where ^[ is the sum of clusters in rooted in 
UJ,, and similarly for i[. Putting D„ = R"'^ \ (R'^)^") and letting be the 
ancestral process of at time s, we get 



< pj n itBl^ > n ^'t^l, } + P^^{itG' > 0} 

j<n i<ra 

<pj[ Cr{du)llr^l^Bl^>o] 



CONDITIONING IN SUPERPROCESSES 47 

+eJ d"Hd^)niK'^^.>o} 

by Lemmas 7.4, 7.7 and 7.8. Since the last estimate only depends on the 
marginal distributions of the pairs i{S,tS^.)j<n,S,t) and i{S,tSxj)j<n,S,t)^ the 
same bound applies to 

It remains to note that {^,[,^'1) = {i'tAt )- ^ 

8. Scaling limits and local approximation. Here we study the pseudo- 
random measures ^ and 77, which provide local approximations of the DW- 
process ^ in R*^ and its canonical cluster rj. We begin with some scaling 
properties of ^ and 77. Given a suitable measure-valued process i] in R*^, we 
define the span of r] from as the random variable 

p = inf{r>0;supi7?t(i?5r = 0}. 

Recall that a DW-cluster has a.s. finite span. For any process X on R+, 
we define the process on R_|_ by {Xh)t = X^t. Let vCa;[ry||77/i]y denote the 
continuous versions of the Palm distributions described in [2, 4]. 

Lemma 8.1. Let ^ be a DW-process in R'^ with canonical cluster rj, and 
let p denote the span of rj from 0. Then for any /i, x € R'^ and r,c> 0; 

(i) ^iiSrir"^^!) = ^r^iMi^r^Sr); 

(ii) Cf,sAr'^v) = r'^^,i{'nr^Sr); 

(iii) Co[r'^r]\\T]i]:j: = Co[flr2Sr\\r]r2]x; 

(iv) Po[p > c\\r]r2]x < Po[rp+ \x\ > c\\r]i]o. 

Though (i) and (ii) are probably known, they are included here with short 
proofs for easy reference. 

Proof, (i) If v solves the evolution equation for ^, then so does v{t, x) = 
r'^v{r'^t,rx). Writing = f^'^ir'^tSr, /i = r~'^p,Sr, and f{x) = r^f{rx), we get 

E^e-'^'f = E^e'^r^tf = e'^'^'r^t = e''^^' = E-^e'^'f , 

and so C^{^) = Cp_{^), which is equivalent to (i); cf. [7], page 51. 

(ii) Define the cluster kernel by i^^; = Cx{r]), x £ R'^, and consider the 
cluster decomposition = J mC,{dm), where C is a Poisson process with in- 
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tensity ixu when ■^o = Here 

r~'^£^j.2fSr = {r^^mj.2tSr)C{dm), r,t>0. 



Using (i) and the uniqueness of the Levy measure, we obtain (r '^fiSr)i^ - 
^{v{r~'^m^2Sr S •}), which is equivalent to 

r'"^ C^sAri) = ^r-^^tsM) = ^^l{r~'^f|r^Sr)■ 
{m) By Palm disintegration, we get, from (ii). 



Eor]i{dx)Eo[f{x,r r])\\r]i]^ = Eq J r]i{dx)f{x,r rf) 

= r^EQ j r]r2{dx)f{x,fir2Sr) 

= '^^ j Eor]j.2{dx)Eo[f{x,flr2Sr)\\'nr2 



and (iii) follows by the continuity of the Palm kernel. 

(iv) By (iii) we have jColplkr^lx = >Co[r"/9||7/i]2:, and (iv) follows for x = 0. 
For general x it is enough to take r = 1. Then recall from Corollary 4.1.6 
in [4] or Theorem 11.7.1 in [2] that, under £o[^||^i]x) the cluster r/ is a 
countable sum of conditionally independent subclusters, rooted along the 
path of a Brownian bridge on [0, 1] from to x. In particular, the evolution 
of the process after time 1 is the same as under the original distribution C{r]) 
(cf. Lemma 3.13), hence independent of x. We may now construct a cluster 
with distribution £o[^||^i]x from one with distribution £o[??||^i]o) simply by 
shifting every subcluster born at time s < 1 by an amount (1 — s)x. Since 
all mass of i] is then shifted by at most the span from of the entire 
cluster is increased by at most and the assertion follows. □ 

We may now summarize the basic properties of the pseudo-random mea- 
sure ^, introduced in Section 8 of [19]. Here and below, we write 

where >C^[.^t||^t]a; and i2;i[77t ||r/t]a; denote the continuous versions of the Palm 
distributions constructed in [2, 4]. Since the pseudo-random measures and 
f] below are stationary by definition, we may further take C^{^) and C^{f]) 
to be the unique invariant versions of the associated Palm distributions 
jO[9-xiU]x and C[6-xf]\\f]]x, respectively 

Theorem 8.2. Let ^ he a DW-process in R'^ with d> 3. Then there 
exists a pseudo-random measure ^ on R'^, such that: 

(i) as e — )• for fixed fi and t> 

\\c,iCt)-mmH «^'"'' ||£°(6) -/:M)||Bg ^0, 

and similarly with replaced by rjt; 
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(ii) for any r > 0, 

(iii) ^ is stationary with = X^'^; 

(iv) C{^) is an invariant measure for ^; 

(v) as r —7- oo, we have in total variation on Hb for bounded B 

Proof, (i)-(ii) In Theorems 8.1-2 of [19] we proved the existence of a 
stationary pseudo-random measure ^ on R*^ satisfying (ii), and such that as 
e — > for bounded B £B'^, 

We^-^C^ie-^^tSe) - mm\\B ^ 0, 

(20) 

\\jrl{e-%S,)-C\mB^O, 

and similarly with replaced by r]t. Under (ii), the latter properties are 
equivalent to (i). 

(iii) In our proof of Theorem 8.2 in [19] (display (20) in [19], page 2210) 
we showed that for any B £ B'^ 

\\e^-''E^[e-^^tB'o;e-^^tSe G •] - mE[iBl,ie ■]\\b ^ 0. 

Taking B = Bq and fi = A®'^, we get, in particular, e~'^Ex<sd^tS£BQ E^B^, 
which extends by stationarity to arbitrary B. Hence, 

= e-'^X'^'^Se = e-^^E^^.i^tSe) ^ E^ 

and so E^ = A®"^. 

(iv) Let (^j) denote the DW-process ^ with initial measure ^. Using (ii) 
and Lemma 8.1(i), we get for any r > 0, 

Cii^Sr) = EC^{i,2Sr) = EC^^.^^y^i) 

= r'^-^EC^ir^^i) = r''-^C{r^ii) = C{iSr), 

which implies ^^^Sr = ^Sr- Hence, it = i for all t > 0. 

(v) Using Lemma 8.1(i) and (20) above and noting that X'^'^Sr = r'^X®'^, 
we get, as r — )■ oo, 

r'^-^C^2-,^m{ir^) =r'^-^C^^,{r^iiSy,) ^ Cii). □ 

For d = 2, there is no random measure ^ with the stated properties. How- 
ever, a similar role is then played by the stationary cluster fit with pseudo- 
distribution C{f]t) = C)^®d{rit). Writing fj = fji, we have the following approx- 
imation and scaling properties: 



(i) 
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Theorem 8.3. Let ^ be a DW-process in R*^ with canonical cluster rj. 
Then as e — )• for fixed fi and t>0: 

e'^-^, d>3, 
\loge\-\ d = 2, 

(ii) ||£°(6)-/:°(^)IIb6^o, d>2, 

and similarly with replaced by rjt. Furthermore, 

(iii) for any r > 0, 

C{v,2Sr) = r''~^C{r^), C\fi,2Sr) = C\r^), 

(iv) for d>3 and as i —t- oo, in total variation on Hb for bounded B, 

Though for d > 3 the pseudo-random measures ^ and fj have many similar 
properties, we note that f/ has weaker scahng properties. The Palm distri- 
butions and C^^{rjt) both exist, since the common intensity measure 
E^^i = Efj^rjt is locally finite. Our proof of Theorem 8.3 requires a simple 
comparison of C^{£,t) and C^{r]t). 

Lemma 8.4. Let be a DW-process in R'^ with canonical cluster rj. Then 
for any /i, B and t > 0: 



(i) P^{ritB > 0} = - log(l - P^i^tB > 0}); 

(ii) WC^iCt) - C^ivt)\\B < (P^^ivtB > 0})2. 

In particular, P^{^tB > 0} ~ P^{r]tB > 0} as either side tends to 0. 



Proof, (i) See Lemma 4.1 in [19]. 

(ii) Using the cluster representation ^t = J mCt{dm), where Qt is a Poisson 
process on Aid with intensity measure C^{rjt), we get 

1b6 = J lBmCt{dm) = J l^mCf (dm), 

where denotes the restriction of to the set of measures m with mB > 0. 
For any measurable function / > on M^i with /(O) = 0, Lemma 2.10 yields 

\E^f{lBCt) - E^f{lBVt)\ < WfWiPAvtB > 0})2, 
and the assertion follows since / is arbitrary. □ 



Proof of Theorem 8.3. Some crucial ideas in the following proof are 
adapted from the corresponding arguments in Section 8 of [19]. 
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(i) For d>3, the assertion follows from Theorem 8.2(i), applied to 
under and to r/i under Px^d. Now let d = 2. Fixing t > 0, fi € and 
B ^B^, writing r]^ for the /i-clusters of with associated point process Cs of 
ancestors at time s = t — h and letting e, /i — )• with | log /i| ^ | log e| , we get 
as in [19] [display (12)], for any "HB-measurable function / with < / < , 

i i 

= eJ Udx)f{r]lSe)= [ E^Udx)E^f{VhSe) 



Kdy) / Psix -y)E^f{r]hSe)dx 



■m j E^f{rihSe)dx = fiptEfQifjS^i^ 



where the third equality holds by the conditional independence of the clus- 
ters and the Cox nature of Cs, and the last equality holds by Lemma 8.1(ii). 
As for the first approximation, we get, by Lemma 7.3, 



E„ 



< E^[Kf-Kf>l] 

\og{t/h)^ipt + {m{h,e))'^ 



< 



|loge| 



^ |log/i| + 1 ,_i 
|loge| 

where k| denotes the number of clusters 77^ hitting Bq. For the second 
approximation, we get, by Lemma 7.1(ii) as e < /i — t- 0, 



Kdy) / {Psiy - x) - pt{y))Ea;f{T]hSe) dx 



<|log(eVMI ^ J l^{dy) j \Ps{y - x) -pt{y)\phcAx)dx 

< llogel-i I fi{dy)E\ps{y - jhU^) -pt{y)\, 

where 7 denotes a standard normal random vector in R'^. Since ps{y — 
1/2 

'jhce ) Pt{y) by the joint continuity of pt{x) and 

Eps{y - iKl^) = {ps*Phce)(.y) =Ps+h,Ay) ^Pt(.y), 

the last expectation tends to by Lemma 1.32 in [15], and so the integral 
on the right tends to by dominated convergence. 
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In summary, noting that both approximations are uniform in /, we get 
as e, /i — > with |log/i| ^ |loge| 

(21) WC^iCtSe) - m^hfjS^^^)\\B « \loge\-\ 

which extends to unbounded /x by an easy truncation argument. Further- 
more, Lemmas 7.2(ii) and 8.4 yield, as e — t- 0, 

(22) \E^fiCtSe) - E^f{r^tSe)\ < {P^.{mB^' > 0}f < \loge\-\ 

Hence, (21) remains vahd with replaced by ijt- Now (i) follows as we take 
t = 1 and /i = A®^ and combine with (21). The corresponding result for rjt 
follows by means of (22). 

(ii) Once again, the statement for d>3 follows from Theorem 8.2(i). For 
d = 2, we see from Lemma 7.2(ii) above and Lemma 3.4 in [19] that as e — >• 0, 
for fixed t > 0, 

P^{CtB'Q>0}>:\loge\~\ipu 

E^iitBl^f X e^|loge|(A®2^o')'w ^ e'|loge|m, 
and similarly for rjt. Hence, 

and similarly for rjt. Thus, ^tB^/ e'^\\oge\ is uniformly integrable, condition- 
ally on ^^t-Bg ^ ™^ correspondingly for r]t under both and Px(d2 . Noting 
that, by (i), 

\\C^[^tSe\^tB'o > 0] - C[fjS,\fjB^o > 0]||^i ^ 0, 

we obtain 

\\E^[^tB'o;(tSs G -l^i^o > 0] - E[fjB'o;vSe G > 0]||bi «e'|loge|, 
and so, by (i), 

\\E^[CtB'o;CtSe G •] - mE[vB',;fjSe G -HIbi 
and similarly for r]t- Next, Lemma 4.1 yields 

E^CtB'o = X''\fi*Pt)lB^^^e^m- 

Combining the last two estimates with Lemma 6.6, and using Lemma 3.11 in 
a version for pseudo-random measures, we obtain the desired convergence. 

(iii) Use Lemma 8.1(ii)-(iii). 

(iv) From (iii) and Theorem 8.2(i)-(ii), we get, as r— >-(X), 

C{fj,2)=r''-^C{r^S,/r)^C{i). □ 

Though the scaling properties of fj are weaker than those of ^ when d>3, 
•fj does satisfy a strong continuity property under scaling, which extends 
Lemma 5.1 in [19]. 
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Theorem 8.5. Let fj be the stationary cluster of a DW-process in , 
and define a kernel v from (0, oo) to A^2 by 

i/(r) = |logr|£(r~^775r), r > 0. 

Then the kernel t u{exp{—e^)) is uniformly continuous on [l,oo), in total 
variation on Hb for hounded B. 

Proof. For any e,r,h £ (0, 1), let Cs denote the ancestral process of 
at time s = 1 — h, and let r]^ be the /i-clusters rooted at the associated atoms 
at u. Then 

\loge\-^iy{e) « r-^C^xs^2{e~^CiSe) ~ r-^E.,),m j Csidu)l{e-^r]^Se G •} 

^ \loge\~^i^{e/Vh), 

with all relations explained and justified below. The first equality holds by 
the conditional independence of the clusters and the fact that Ej.^ts2C,s = 
(r//i)A®'^. The second equality follows from Lemma 8.1(i) by an elementary 
substitution. 

To estimate the error in first approximation, we see from Lemmas 7.1(ii) 
and 8.4 that for e < |, 

\\r\\oge\~'^v{e) - Lrx»^{e~'^iiSe)\\B = \\C,.x<s2{riiSe) - C^x»-i{iiSe)\\B 

< {rP{fi{eB)>0}f <r^\loge\-^, 

where r/j^,r/^, . . . are the /i-clusters of ^ at time t. As for the second approx- 
imation, we get, by Lemma 7.3 for small enough e/h, 



e/Vh 



k 

<E,x^2 (j2u{v'^ieB))-?j 



< 



|log/i|rA®2p, + (rA«2^i(^,,))^ 



|loge| 



|log h\+ r 



|logeP 

The third approximation relies on the estimate 



ie/Vh)\\ 



B 



\loge\ 



\logie/Vh)\ 



1 



< 



|log^| 
|loge| ' 
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which holds for £ < h hy the boundedness of u. Combining those estimates 
and letting r — )• gives 



(23) 



\u{e)-u{e/Vh)\\B< 



|loge| 



e<^h<l. 



Putting e = e " and e/^/h = e and writing i^Aix) = i^{x, A) for measur- 
able sets A C Hb, we get for u — v <^u (with 0/0 = 1), 

z^A(e-") 



log 



< 



i^A(e-") 



7/ — 7; 

<\uA{e-n-iyA{e-n\< < 

u 



log- 



and so, for u = and v = (with 00 — 00 = 0), 

|logi/A(exp(-e*)) -logz^A(exp(-e*))| < \t-s\, 

which extends immediately to arbitrary s,t> 1. Since z/ is bounded on Hb 
by Lemma 7.2, the function i/y4(exp(— e*)) is again uniformly continuous on 
[1,00), and the assertion follows since all estimates are uniform in A. □ 

The exact scaling properties of f] in Theorem 8.3(iii) may be supplemented 
by the following asymptotic age invar iance, which may be compared with 
the exact age invariance of ^ in Theorem 8.2(iv). 

Corollary 8.6. Let e and h>0 with < /i <C for d>3 and 
|loge| » |log/i| /or d = 2. Then, ase^O, 

|£(%)-£(r/i)||Bg« ' 



d>3, 

loge|-^ d = 2. 



Proof. Fix any B G B'^. For d > 3, we get by Theorems 8.2 and 8.3 
\\Cir]Se)-r''-^Cir^S,/r)\\B 

<\\C{fiS,) - C{iS,)\\B + r''~^C{vS,/r) - C{iS,/r)\\B 



(6/r) 



When d = 2, we may use (23) instead to get 
\logemfiSe)-C{r^S,/r)\\B 

|loge| 



<\\u{e)-u{e/r)\\B + 
|logr| 



^ llogr 



|log(e/r)| 
0. 



|z^(e/r) 



B 



|loge| |loge| — |logr| 
It remains to note that r'^~^C{r'^fiSi/r) = C-iVr'^) by Theorem 8.3(iii). □ 
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9. Local conditioning and global approximation. Here we state and prove 
our main approximation theorem, which contains multivariate versions of the 
local approximations in Section 8 and shows how the multivariate Palm dis- 
tributions of a DW-process can be approximated by elementary conditional 
distributions. 

Given a DW-process ^ in R"^, let ^ and fj be the associated pseudo-random 
measures from Theorems 8.2 and 8.3. Let q^^t denote the continuous versions 
of the moment densities of E^^f^ from Theorem 5.3, and write -^^[^411^® "J^ 
for the regular, multivariate Palm distributions considered in Theorem 6.3. 
Define Cd and as in Lemma 7.2. Write f ^ g for f /g ^ 1, f ^ g for 
/ — 5 — >• 0, and f <^ g for f /g — >• 0. The notation || • \\b with associated 
terminology is explained in Section 1 above. 

Theorem 9.1. Let ^ be a DW-process in R'^ with d>2, and let e ^ 
for fixed fi, t> and open G CR'^. Then: 

(i) for any x£ (R'^)("), 

C nMd-2) d> ?, 

PJitBl > 0} ~ g„ t{x) { , ' - ' 

(ii) for any x S G^^\ in total variation on (-Bq)" x , 
CMtSl^)3<nMirBl > 0] « £«"[r?5,|^Bg > 0] ® £^[611^,^-; 

(iii) for d>3 we have, in the same sense, 

c,[{e^%s^,^),<n,cMrBi > 0] ^ c^'^mBi > 0] » c,[mri- 

Here (i) extends some asymptotic results for n = 1 from [3, 19, 27]. Parts 
(ii) and (iii) show that, asymptotically as e — >• 0, the contributions of S,t to 
the sets B^^, . . . , B^^ and are conditionally independent. They further 
imply the multivariate Palm approximation 

and they contain the asymptotic equivalence or convergence on Bq for any 
(R'^)("), 

£[r?5,|f?Bg>0], d>2, 

£[111^1 >0], d>3, 

extending the versions for n = 1 implicit in Theorems 8.2 and 8.3. Analogous 
results for simple point processes and regenerative sets appear in [16, 22]. 

Given (i), assertions (ii) and (iii) are essentially equivalent to the following 
estimate, which we prove first. Here and below, q^^t{x) = q^^f 



c,[itSi\irBi>Q] 
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Lemma 9.2. Let ^ be a DW-process in R'^, fix any fj., t > and open 
G C R'^, and put B = {BlY x G" . Then, as e ^ for fixed x G G^"), 



|loge|-", d = 2. 



Proof. We may regard as a sum of conditionally independent clusters 
vj^ of age h G (0,t), rooted at the points u of the ancestral process Cs at time 
s = t — h. Choose the random measure to satisfy 

Our argument can be summarized as follows: 

j<n 

(24) 



t Ja;5 



where h and e are related as in (8.18), and the approximations hold in the 
sense of total variation on Hb of the order |loge|~", respectively. 

Detailed justifications are given below. 

The first relation in (24) is immediate from Corollaries 7.6 and 7.9. To 
justify the second relation, we provide some intermediate steps: 



)j<n, 



E, I d"^(dn)(g)/:„^(7?,5^^,)®£^[6|6] 

j<n. 



E, / (du) (g) Cu^ ivhSl^ ) ® 1(.) iCt) 

j<n 

E,6''Hdu)6^CuAvhSij®c,[mr]u. 
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Here the first and fourth equahties hold by disintegration and Fubini's the- 
orem. The second relation holds by the conditional independence of the h- 
clusters and the process along with the normalization of C{ri). The third 

relation holds by the choice of ^'^ and the moment relation = 
from [22]. The fifth relation holds by Palm disintegration. 
To justify the third relation in (24), we first consider a change in the last 
factor. By Lemmas 3.4 and 7.1, 



j<n 



B 



< 



I 



n(d-2) 

|loge|-' 



with he defined as in Lemma 7.1 with t replaced by h. Choosing r > with 
-B^*" C G*-"-* , we may estimate the integral on the right by 

(i^^er *pr (x)) sup \\c,[mr]u - c^imrua^ 



+ 



E,iT{du)pt:{x-u). 



Here the first term tends to by Lemmas 5.6 and 6.5, whereas the second 
term tends to as in the proof of Lemma 7.7. Hence, in the second line of 
(24), we may replace C^[mT]u by C^[mT]x- 

By a similar argument based on Lemma 3.4 and Corollary 8.6, we may 
next replace C{f]Se) in the last line by CifihSg). It is then enough to prove 
that 

where qt denotes the continuous density of E^^^f'"' in Theorem 5.3. Here the 
total variation distance may be expressed in terms of densities as 



{qs{x - n) - qtix))6dCuAi]hSe) du 



< 



I 



qs{x -u)- qt{x)\pf^{u) du 



B 

n{d-2) 

|loge|~' 



Letting 7 be a standard normal random vector in R"'^, we may write the 

1/2 1 /2 

integral on the right as E\qs{x — -yhe ) — qt{x)\. Here qs{x — 7/1^ ) — )• qt{x) 
a.s. by the joint continuity of qs{u), and Lemma 5.6 yields 

Eqsix-^hl/') = {qs*pnix)^qtix). 
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The former convergence then extends to by Lemma 1.32 in [15], and the 
required approximation follows. □ 

Proof of Theorem 9.1. (i) For any x G (R'^)("\ Lemma 9.2 yields 

e"('^-2), d>3, 



\P,{CrB'. > 0} - qf,,{P{vB^o > 0})"l « { 



loge|-", d = 2. 



It remains to note that, by Lemma 7.2, 

X 

variation on (Bq)"- x G^, 



m(e)|loge| ^, d = 2. 
(ii) Assuming x G G*-"^ and using (i) and Lemma 9.2, we get, in total 



^^l[[Qtbxi)j<n,t,t\tt > UJ 



p^{ef > 0} 



=c^-[f,Ss\vB^o>o]®c^[mru. 

(iii) When d>3, Theorem 8.2(i) yields 

in total variation on Bq. Hence, 

C[e~^Se\f,Bl > 0] ^ CmBl > 0], 
and the assertion follows by means of (ii). □ 

Acknowledgment. My sincere thanks to the referees for their careful 
reading and many helpful remarks. 
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